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Weyl product

f , g ∈ S(R2),

(f ∗W g)(x , y) =

∫

R2

∫

R2
f (x + u1, y + u2)g(x + v1, y + v2)

e2πi(u1v2−u2v1) d2ud2v .
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Weyl product

f , g ∈ S(R2),

(f ∗W g)(x , y) =

∫

R2

∫

R2
f (x + u1, y + u2)g(x + v1, y + v2)

e2πi(u1v2−u2v1) d2ud2v .

Associativenoncommutativeproduct.
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Marc Rieffel(1937õ )
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Rieffel :

C∗-algebraA, α : R2 → Aut(A);
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Rieffel :

C∗-algebraA, α : R2 → Aut(A);

a, b ∈ A∞,

a ∗ b =

∫

R2

∫

R2
αu(a)αv (b)e2πi(u1v2−u2v1) d2ud2v .
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Rieffel :

C∗-algebraA, α : R2 → Aut(A);

a, b ∈ A∞,

a ∗ b =

∫

R2

∫

R2
αu(a)αv (b)e2πi(u1v2−u2v1) d2ud2v .

we complete it into aC∗-algebra strict deformation.
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Rieffel :

C∗-algebraA, α : R2 → Aut(A);

a, b ∈ A∞,

a ∗ b =

∫

R2

∫

R2
αu(a)αv (b)e2πi(u1v2−u2v1) d2ud2v .

we complete it into aC∗-algebra strict deformation.

K -theory of the deformed algebra is thesameas the original one.
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Noncommutative 2-torus

Aθ = C(T2
θ) = 〈U,V | VU = exp 2πiθUV 〉.
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Noncommutative 2-torus

Aθ = C(T2
θ) = 〈U,V | VU = exp 2πiθUV 〉.

Example
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Noncommutative 2-torus

Aθ = C(T2
θ) = 〈U,V | VU = exp 2πiθUV 〉.

Example

θ = 0, A0 = C(T2);
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Noncommutative 2-torus

Aθ = C(T2
θ) = 〈U,V | VU = exp 2πiθUV 〉.

Example

θ = 0, A0 = C(T2);

θ ∈ Q, Aθ

s.Morita
∼= C(T2);
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Noncommutative 2-torus

Aθ = C(T2
θ) = 〈U,V | VU = exp 2πiθUV 〉.

Example

θ = 0, A0 = C(T2);

θ ∈ Q, Aθ

s.Morita
∼= C(T2);

θ /∈ Q, Aθ = C(S1)⋊θ Z, irrational rotation algebra.
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The question

Assume on theC∗-algebraA there is a strongly continuous actionα
of Rn , plus a strongly continuous actionβ of a compact groupG,
then what would be theK -theory of the ("deformed") algebra ?
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When the two actions commute...
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.

Applying Rieffel’s consctruction for theRn-actionα̃ on
A ⋊β G  quantized algebra(A ⋊β G)J .
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.

Applying Rieffel’s consctruction for theRn-actionα̃ on
A ⋊β G  quantized algebra(A ⋊β G)J .

”[α, β] = 0”
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.

Applying Rieffel’s consctruction for theRn-actionα̃ on
A ⋊β G  quantized algebra(A ⋊β G)J .

”[α, β] = 0”⇒ β
lift
−→ strongly continuous actioñβ onAJ ,
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.

Applying Rieffel’s consctruction for theRn-actionα̃ on
A ⋊β G  quantized algebra(A ⋊β G)J .

”[α, β] = 0”⇒ β
lift
−→ strongly continuous actioñβ onAJ ,

AJ ⋊
β̃

G ≃ (A ⋊β G)J .
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When the two actions commute...

If the G-actionβ commutes with theRn-actionα,

α
lift
−→ strongly continuous actioñα onA ⋊β G.

Applying Rieffel’s consctruction for theRn-actionα̃ on
A ⋊β G  quantized algebra(A ⋊β G)J .

”[α, β] = 0”⇒ β
lift
−→ strongly continuous actioñβ onAJ ,

AJ ⋊
β̃

G ≃ (A ⋊β G)J .

K•(A ⋊β G) = K•((A ⋊β G)J) = K•(AJ ⋊β̃ G).
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.

 Z2-action on2n-torusT2n = R2n/Z2n.
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.

 Z2-action on2n-torusT2n = R2n/Z2n.

R2n acts onR2n by translation acts onT2n.
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.

 Z2-action on2n-torusT2n = R2n/Z2n.

R2n acts onR2n by translation acts onT2n.

A = C(T2n), J the standard symplectic matrix onR2n.
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.

 Z2-action on2n-torusT2n = R2n/Z2n.

R2n acts onR2n by translation acts onT2n.

A = C(T2n), J the standard symplectic matrix onR2n.

α (resp.β) : action ofR2n (resp.Z2) onA, dual to its action on
T2n.
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The general case I

G = Z2 = Z/2Z−action onRn: reflection with respect to a
hyperplane.

 Z2-action on2n-torusT2n = R2n/Z2n.

R2n acts onR2n by translation acts onT2n.

A = C(T2n), J the standard symplectic matrix onR2n.

α (resp.β) : action ofR2n (resp.Z2) onA, dual to its action on
T2n.

ρ: natural inclusionZ2 →֒ SL2n(R, J), we have

βgαx = αρg(x)βg , for all g ∈ G, x ∈ Rn.
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The general case II

”[α, β] 6= 0”+ nontrivialρ : G → SLn(R, J), theRn-actionα on
A cannot be lifted naturally to an action onA ⋊β G.
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The general case II

”[α, β] 6= 0”+ nontrivialρ : G → SLn(R, J), theRn-actionα on
A cannot be lifted naturally to an action onA ⋊β G.

we still have

βg(a ×J b) = βg(a)×J βg(b), βg(a∗) = βg(a)∗,
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The general case II

”[α, β] 6= 0”+ nontrivialρ : G → SLn(R, J), theRn-actionα on
A cannot be lifted naturally to an action onA ⋊β G.

we still have

βg(a ×J b) = βg(a)×J βg(b), βg(a∗) = βg(a)∗,

i.e., theG-actionβ on AJ is still well-defined.
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The general case II

”[α, β] 6= 0”+ nontrivialρ : G → SLn(R, J), theRn-actionα on
A cannot be lifted naturally to an action onA ⋊β G.

we still have

βg(a ×J b) = βg(a)×J βg(b), βg(a∗) = βg(a)∗,

i.e., theG-actionβ on AJ is still well-defined.

Therefore we can consider the crossed product algebraAJ ⋊β G.
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Main Result

Theorem (X.Tang-Y.)

When A is a separable C∗-algebra, and if the actions α, β and
the group homomorphism ρ satisfy

βgαx = αρg(x)βg , for any g ∈ G, x ∈ Rn.

Then
K•(AJ ⋊β G) ∼= K•(A ⋊β G), • = 0,1.
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First part of the proof I
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.

BA also acts onSA:

(LJ
F f )(x) :=

∫

F (x+Ju)f (x+v)e2πiu·v dudv , F ∈ BA, f ∈ SA.
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.

BA also acts onSA:

(LJ
F f )(x) :=

∫

F (x+Ju)f (x+v)e2πiu·v dudv , F ∈ BA, f ∈ SA.

A-valued inner product
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.

BA also acts onSA:

(LJ
F f )(x) :=

∫

F (x+Ju)f (x+v)e2πiu·v dudv , F ∈ BA, f ∈ SA.

A-valued inner product operator norm‖ ‖J onBA
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.

BA also acts onSA:

(LJ
F f )(x) :=

∫

F (x+Ju)f (x+v)e2πiu·v dudv , F ∈ BA, f ∈ SA.

A-valued inner product operator norm‖ ‖J onBA
 

(BA
J ,×J , ‖ ‖J) a pre-C∗-algebra.
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First part of the proof I

BA = {f : Rn → A smooth ,f and all its derivatives being
bounded}.
SA: space of allA-valued Schwartz functions onRn .

〈f ,g〉A :=

∫

f (x)∗g(x)dx  A-valued inner product onSA.

For givenJ, we define onBA

(F×JG)(x) :=
∫

F (x+Ju)G(x+v)e2πiu·vdudv , F ,G ∈ BA.

BA also acts onSA:

(LJ
F f )(x) :=

∫

F (x+Ju)f (x+v)e2πiu·v dudv , F ∈ BA, f ∈ SA.

A-valued inner product operator norm‖ ‖J onBA
 

(BA
J ,×J , ‖ ‖J) a pre-C∗-algebra. correspondingC∗-algebra

B
A
J , completion ofSA

J = S
A
J
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First part of the proof II
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First part of the proof II

Rn-actionα on A
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First part of the proof II

Rn-actionα on A strongly continuousRn-actionν onB
A
J (Rn

also acts onS
A
J )
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First part of the proof II

Rn-actionα on A strongly continuousRn-actionν onB
A
J (Rn

also acts onS
A
J )

(νt(F ))(x) := αt(F (x − t)).
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First part of the proof II

Rn-actionα on A strongly continuousRn-actionν onB
A
J (Rn

also acts onS
A
J )

(νt(F ))(x) := αt(F (x − t)).

the fixed point subalgebra ofν can be identified with the

subalgebra ofB
A
J generated by elements of the form

ã(x) := αx(a), a ∈ A∞.
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First part of the proof II

Rn-actionα on A strongly continuousRn-actionν onB
A
J (Rn

also acts onS
A
J )

(νt(F ))(x) := αt(F (x − t)).

the fixed point subalgebra ofν can be identified with the

subalgebra ofB
A
J generated by elements of the form

ã(x) := αx(a), a ∈ A∞.

It is exactlyAJ .
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)

We can generalize it to the equivariant case(for theG-actionβ).
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)

We can generalize it to the equivariant case(for theG-actionβ).

G-actionβ onS
A
J : βg(F )(x) := βg(F (g−1(x))).
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)

We can generalize it to the equivariant case(for theG-actionβ).

G-actionβ onS
A
J : βg(F )(x) := βg(F (g−1(x))).

G-actionβ is strongly continuous.
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)

We can generalize it to the equivariant case(for theG-actionβ).

G-actionβ onS
A
J : βg(F )(x) := βg(F (g−1(x))).

G-actionβ is strongly continuous.

Proposition

the crossed product algebras AJ ⋊β G and (S
A
J ⋊ν R

n)⋊β̄ G are
strongly Morita equivalent.
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First part of the proof III

AJ andS
A
J ⋊ν R

n are strongly Morita equivalent.(Rieffel)

We can generalize it to the equivariant case(for theG-actionβ).

G-actionβ onS
A
J : βg(F )(x) := βg(F (g−1(x))).

G-actionβ is strongly continuous.

Proposition

the crossed product algebras AJ ⋊β G and (S
A
J ⋊ν R

n)⋊β̄ G are
strongly Morita equivalent.

By Morita equivalence, we have

K•(AJ ⋊β G) ∼= K•((S
A
J ⋊ν R

n)⋊β G).
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Second part of the proof
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Second part of the proof

Cn: the complexified Clifford algebra associated toRn.
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Second part of the proof

Cn: the complexified Clifford algebra associated toRn.
Observation:Rn ⋊β G is amenable.
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Second part of the proof

Cn: the complexified Clifford algebra associated toRn.
Observation:Rn ⋊β G is amenable.
equivariant Thom isomorphism by Kasparov :

Theorem

Assume Rn and G act strongly continuously on the C∗-algebra
A, denoted by α and β, respectively. Let ρ : G → GL(n,R). If for
any g ∈ G, x ∈ Rn, α and β satisfy βgαx = αρg(x)βg , then

K•(((A ⊗ Cn)⋊α Rn)⋊β G) ∼= K G
•

(

(A ⊗ Cn)⋊α Rn) ∼= K G
•
(A)

∼= K•(A ⋊β G),

where Cn is the complexified Clifford algebra associated to Rn.
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Second part of the proof

Cn: the complexified Clifford algebra associated toRn.
Observation:Rn ⋊β G is amenable.
equivariant Thom isomorphism by Kasparov :

Theorem

Assume Rn and G act strongly continuously on the C∗-algebra
A, denoted by α and β, respectively. Let ρ : G → GL(n,R). If for
any g ∈ G, x ∈ Rn, α and β satisfy βgαx = αρg(x)βg , then

K•(((A ⊗ Cn)⋊α Rn)⋊β G) ∼= K G
•

(

(A ⊗ Cn)⋊α Rn) ∼= K G
•
(A)

∼= K•(A ⋊β G),

where Cn is the complexified Clifford algebra associated to Rn.

We obtain:K•((S
A
J ⊗Cn)⋊β G) ∼= K•+n((S

A
J ⋊ν R

n)⋊β G).
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K: algebra of compact operators on separable Hilbert space;V0 :
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Third part of the proof I

K: algebra of compact operators on separable Hilbert space;V0 :
kernel ofJ in Rn.
(Rieffel) S

A
J
∼= A ⊗K ⊗ C∞(V0).
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K: algebra of compact operators on separable Hilbert space;V0 :
kernel ofJ in Rn.
(Rieffel) S

A
J
∼= A ⊗K ⊗ C∞(V0).

U:orthogonal complement ofV0 in Rn.
Both U andV0 areG-invariant subspaces.
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K: algebra of compact operators on separable Hilbert space;V0 :
kernel ofJ in Rn.
(Rieffel) S

A
J
∼= A ⊗K ⊗ C∞(V0).

U:orthogonal complement ofV0 in Rn.
Both U andV0 areG-invariant subspaces. +G is compact⇒ a
G-invariant complex structure onU compatible withJ|U .
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K: algebra of compact operators on separable Hilbert space;V0 :
kernel ofJ in Rn.
(Rieffel) S

A
J
∼= A ⊗K ⊗ C∞(V0).

U:orthogonal complement ofV0 in Rn.
Both U andV0 areG-invariant subspaces. +G is compact⇒ a
G-invariant complex structure onU compatible withJ|U .
WecansupposeG preserves the standard complex structure on
U.
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Third part of the proof I

K: algebra of compact operators on separable Hilbert space;V0 :
kernel ofJ in Rn.
(Rieffel) S

A
J
∼= A ⊗K ⊗ C∞(V0).

U:orthogonal complement ofV0 in Rn.
Both U andV0 areG-invariant subspaces. +G is compact⇒ a
G-invariant complex structure onU compatible withJ|U .
WecansupposeG preserves the standard complex structure on
U.
(Rieffel)ForA = C, S

C

J = space of compact operators on the
subspaceH of L2(U) generated by the elements of the form

g(z̄)e−
‖z‖2

2 ,

whereg is an anti-holomorphic function.
H is aG-invariant subspace, the above isomorphism is also
G-equivariant.
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Third part of the proof II

(A⊗K ⊗C∞(V0)⊗Cn)⋊β̄ G
s.Morita
∼= (A⊗C∞(V0)⊗Cn)⋊β̄ G.

(G-equivariant Morita equivalence, Combes)
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(A⊗K ⊗C∞(V0)⊗Cn)⋊β̄ G
s.Morita
∼= (A⊗C∞(V0)⊗Cn)⋊β̄ G.

(G-equivariant Morita equivalence, Combes)
Rn = V0 ⊕ U  Cn is G-equivariantly equivalent toCV0

⊗ CU .
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(A⊗K ⊗C∞(V0)⊗Cn)⋊β̄ G
s.Morita
∼= (A⊗C∞(V0)⊗Cn)⋊β̄ G.

(G-equivariant Morita equivalence, Combes)
Rn = V0 ⊕ U  Cn is G-equivariantly equivalent toCV0

⊗ CU .
the restriciton ofJ gives a symplectic form onU, and the
G-action preserves both (the restriction of)J and the metric on
U. Hence theG-action onU is spinc .
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Third part of the proof II

(A⊗K ⊗C∞(V0)⊗Cn)⋊β̄ G
s.Morita
∼= (A⊗C∞(V0)⊗Cn)⋊β̄ G.

(G-equivariant Morita equivalence, Combes)
Rn = V0 ⊕ U  Cn is G-equivariantly equivalent toCV0

⊗ CU .
the restriciton ofJ gives a symplectic form onU, and the
G-action preserves both (the restriction of)J and the metric on
U. Hence theG-action onU is spinc .
(A ⊗ C∞(V0)⊗ Cn)⋊β̄ G and(A ⊗ C∞(V0)⊗ CV0

)⋊β̄ G
have the sameKK -theory.
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Third part of the proof II

(A⊗K ⊗C∞(V0)⊗Cn)⋊β̄ G
s.Morita
∼= (A⊗C∞(V0)⊗Cn)⋊β̄ G.

(G-equivariant Morita equivalence, Combes)
Rn = V0 ⊕ U  Cn is G-equivariantly equivalent toCV0

⊗ CU .
the restriciton ofJ gives a symplectic form onU, and the
G-action preserves both (the restriction of)J and the metric on
U. Hence theG-action onU is spinc .
(A ⊗ C∞(V0)⊗ Cn)⋊β̄ G and(A ⊗ C∞(V0)⊗ CV0

)⋊β̄ G
have the sameKK -theory.
G-equivriant Thom isomorphism⇒

K•((S
A
J ⊗ Cn)⋊β̄ G) = K•((A ⊗K ⊗ C∞(V0)⊗Cn)⋊β̄ G)

= K•(
(

A ⊗ C∞(V0)⊗ CV0

)

⋊β̄ G)

= K•(A ⋊β G).
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Conclusion

K•(AJ ⋊β G)
1st step
=== K•((S

A
J ⋊ν R

n)⋊β̄ G)
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Conclusion

K•(AJ ⋊β G)
1st step
=== K•((S

A
J ⋊ν R

n)⋊β̄ G)

2nd step
=== K•((S

A
J ⊗ Cn)⋊β̄ G)
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Conclusion

K•(AJ ⋊β G)
1st step
=== K•((S

A
J ⋊ν R

n)⋊β̄ G)

2nd step
=== K•((S

A
J ⊗ Cn)⋊β̄ G)

3rd step
=== K•(A ⋊β G).
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.

SL(2,Z) acts onR2, preservingZ2, so it acts onT2. Denote by
β.
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.

SL(2,Z) acts onR2, preservingZ2, so it acts onT2. Denote by
β.

SL(2,Z) has the (finite) cyclic subgroups generated by

σ2 =

(

−1 0
0 −1

)

, σ3 =

(

−1 −1
1 0

)

σ4 =

(

0 −1
1 0

)

, σ6 =

(

0 −1
1 1

)

.
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.

SL(2,Z) acts onR2, preservingZ2, so it acts onT2. Denote by
β.

SL(2,Z) has the (finite) cyclic subgroups generated by

σ2 =

(

−1 0
0 −1

)

, σ3 =

(

−1 −1
1 0

)

σ4 =

(

0 −1
1 0

)

, σ6 =

(

0 −1
1 1

)

.

Zi = the cyclic subgroups ofSL(2,Z) generated byσi , with
corresponding indicesi = 2,3,4,6.
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.

SL(2,Z) acts onR2, preservingZ2, so it acts onT2. Denote by
β.

SL(2,Z) has the (finite) cyclic subgroups generated by

σ2 =

(

−1 0
0 −1

)

, σ3 =

(

−1 −1
1 0

)

σ4 =

(

0 −1
1 0

)

, σ6 =

(

0 −1
1 1

)

.

Zi = the cyclic subgroups ofSL(2,Z) generated byσi , with
corresponding indicesi = 2,3,4,6.

In this exampleSL(2, J) = SL(2,R).
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Noncommutative toroidal orbifolds
θ deformation

2-torusT2 ≃ R2/Z2
 an actionα of R2 by translation.

symplectic formJ = θdx1 ∧ dx2 onR2.

SL(2,Z) acts onR2, preservingZ2, so it acts onT2. Denote by
β.

SL(2,Z) has the (finite) cyclic subgroups generated by

σ2 =

(

−1 0
0 −1

)

, σ3 =

(

−1 −1
1 0

)

σ4 =

(

0 −1
1 0

)

, σ6 =

(

0 −1
1 1

)

.

Zi = the cyclic subgroups ofSL(2,Z) generated byσi , with
corresponding indicesi = 2,3,4,6.

In this exampleSL(2, J) = SL(2,R).

We can define the inclusionρ : Zi → SL(2,R).
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Noncommutative toroidal orbifolds
θ deformation

It is easy to verify that theZi -actionβ onT2, theZi -actionρ onR2,
and theR2-actionα onT2, satisfy the hypothesis of the theorem.
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Noncommutative toroidal orbifolds
θ deformation

It is easy to verify that theZi -actionβ onT2, theZi -actionρ onR2,
and theR2-actionα onT2, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformationAJ(i.e.,Aθ) naturally.
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Noncommutative toroidal orbifolds
θ deformation

It is easy to verify that theZi -actionβ onT2, theZi -actionρ onR2,
and theR2-actionα onT2, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformationAJ(i.e.,Aθ) naturally. Hence,

K•(AJ ⋊Zi) = K•(A ⋊ Zi).
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Noncommutative toroidal orbifolds
θ deformation

It is easy to verify that theZi -actionβ onT2, theZi -actionρ onR2,
and theR2-actionα onT2, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformationAJ(i.e.,Aθ) naturally. Hence,

K•(AJ ⋊Zi) = K•(A ⋊ Zi).

We obtain then a completely different proof of a result of
Echterhoff-Lück-Philipps-Walter.
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Noncommutative toroidal orbifolds
θ deformation

It is easy to verify that theZi -actionβ onT2, theZi -actionρ onR2,
and theR2-actionα onT2, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformationAJ(i.e.,Aθ) naturally. Hence,

K•(AJ ⋊Zi) = K•(A ⋊ Zi).

We obtain then a completely different proof of a result of
Echterhoff-Lück-Philipps-Walter. For theZ2 case, it was first done by
Kumjian (1990).
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Noncommutative toroidal orbifolds
θ deformation

4-sphereS4 in R5 centered at(0,0,0,0,1/2) and of diameter1, i.e.,
{

(x1, · · · , x5)|x2
1 + x2

2 + x2
3 + x2

4 +

(

x5 −
1
2

)2

=
1
4

}

.
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Noncommutative toroidal orbifolds
θ deformation

4-sphereS4 in R5 centered at(0,0,0,0,1/2) and of diameter1, i.e.,
{

(x1, · · · , x5)|x2
1 + x2

2 + x2
3 + x2

4 +

(

x5 −
1
2

)2

=
1
4

}

.

Define aT2-action onS4 by

(

(θ1, θ2), (x1, · · · , x5)
)

−→

(x1, · · · , x5)













cos(θ1) sin(θ1) 0 0 0
− sin(θ1) cos(θ1) 0 0 0

0 0 cos(θ2) sin(θ2) 0
0 0 − sin(θ2) cos(θ2) 0
0 0 0 0 1













.
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Noncommutative toroidal orbifolds
θ deformation

4-sphereS4 in R5 centered at(0,0,0,0,1/2) and of diameter1, i.e.,
{

(x1, · · · , x5)|x2
1 + x2

2 + x2
3 + x2

4 +

(

x5 −
1
2

)2

=
1
4

}

.

Define aT2-action onS4 by

(

(θ1, θ2), (x1, · · · , x5)
)

−→

(x1, · · · , x5)













cos(θ1) sin(θ1) 0 0 0
− sin(θ1) cos(θ1) 0 0 0

0 0 cos(θ2) sin(θ2) 0
0 0 − sin(θ2) cos(θ2) 0
0 0 0 0 1













.

The same formula defines also anR2-actionα on S4.
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Noncommutative toroidal orbifolds
θ deformation

Z2-actionβ onS4 by reflection

(σ2, (x1, · · · , x5)) −→ (x1,−x2, x3,−x4, x5).
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Noncommutative toroidal orbifolds
θ deformation

Z2-actionβ onS4 by reflection

(σ2, (x1, · · · , x5)) −→ (x1,−x2, x3,−x4, x5).

Z2 also acts onR2 by reflection

ρ : σ2 −→

(

−1 0
0 −1

)

.
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Noncommutative toroidal orbifolds
θ deformation

Z2-actionβ onS4 by reflection

(σ2, (x1, · · · , x5)) −→ (x1,−x2, x3,−x4, x5).

Z2 also acts onR2 by reflection

ρ : σ2 −→

(

−1 0
0 −1

)

.

J = θdx1 ∧ dx2 onR2.
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Noncommutative toroidal orbifolds
θ deformation

Z2-actionβ onS4 by reflection

(σ2, (x1, · · · , x5)) −→ (x1,−x2, x3,−x4, x5).

Z2 also acts onR2 by reflection

ρ : σ2 −→

(

−1 0
0 −1

)

.

J = θdx1 ∧ dx2 onR2.

α, β, ρ satisfy the conditions of the theorem.
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Noncommutative toroidal orbifolds
θ deformation

Z2-actionβ onS4 by reflection

(σ2, (x1, · · · , x5)) −→ (x1,−x2, x3,−x4, x5).

Z2 also acts onR2 by reflection

ρ : σ2 −→

(

−1 0
0 −1

)

.

J = θdx1 ∧ dx2 onR2.

α, β, ρ satisfy the conditions of the theorem.

C(S4) C(S4
θ )(depends onJ andα) = θ-deformation

introduced by Connes and Landi(2000).
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Noncommutative toroidal orbifolds
θ deformation

Z2−action onC(S4
θ ) is strongly continuous.
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Noncommutative toroidal orbifolds
θ deformation

Z2−action onC(S4
θ ) is strongly continuous.

Therefore

K•(C(S4)⋊Z2) = K•(C(S4
θ )⋊ Z2).
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Noncommutative toroidal orbifolds
θ deformation

Z2−action onC(S4
θ ) is strongly continuous.

Therefore

K•(C(S4)⋊Z2) = K•(C(S4
θ )⋊ Z2).

TheK -theory ofC(S4)⋊ Z2 can be computed via
Z2-equivariant vector bundles onS4.
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Noncommutative toroidal orbifolds
θ deformation

Z2−action onC(S4
θ ) is strongly continuous.

Therefore

K•(C(S4)⋊Z2) = K•(C(S4
θ )⋊ Z2).

TheK -theory ofC(S4)⋊ Z2 can be computed via
Z2-equivariant vector bundles onS4.

we can get

K0(C(S4
θ )⋊ Z2) = Z4, K1(C(S4

θ )⋊ Z2) = 0.
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Noncommutative toroidal orbifolds
θ deformation

Z2−action onC(S4
θ ) is strongly continuous.

Therefore

K•(C(S4)⋊Z2) = K•(C(S4
θ )⋊ Z2).

TheK -theory ofC(S4)⋊ Z2 can be computed via
Z2-equivariant vector bundles onS4.

we can get

K0(C(S4
θ )⋊ Z2) = Z4, K1(C(S4

θ )⋊ Z2) = 0.

Remark: in the above process,Z2 is not essential, the same
method works forK•(C∞(S4

θ )⋊ Zi),i = 3,4,6.
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Noncommutative toroidal orbifolds
θ deformation

Thanks!��!
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