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a Strict Deformation

e Our work

e Applications
® Noncommutative toroidal orbifolds
@ ¢ deformation
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Strict Deformation

Herman Weyl(1885 - 1955)

Yy

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi




Strict Deformation

Weyl product

f,g € S(R?),

<Y g)(x,y) = /Rz/sz(XJrul,erUz)g(X+V1,y+vZ)

e27l'i(U1V2*U2V1) dZUdZV
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Strict Deformation

Weyl product

f,g € S(R?),

<Y g)(x,y) = /Rz/sz(XJrul,erUz)g(X+V1,y+vZ)

e27l'i(U1V2*U2V1) dZUdZV

Associativenoncommutativeoroduct.
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Strict Deformation

Marc Rieffel(1937 - )
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Strict Deformation

Rieffel :
@ C*-algebraA, o : R? — Aut(A);
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Strict Deformation

Rieffel :
@ C*-algebraA, o : R? — Aut(A);
@ a,beA>,

a*b:/ / oy (@)oy () Uva—tav1) 2y .
R? JR?
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Strict Deformation

Rieffel :
@ C*-algebraA, o : R? — Aut(A);
@ a,beA>,

a*b:/ / oy (@)oy () Uva—tav1) 2y .
R? JR?

@ we complete it into & *-algebra- strict deformation.
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Strict Deformation

Rieffel :
@ C*-algebraA, o : R? — Aut(A);
@ a,beA>,

a*b:/ / oy (@)oy () Uva—tav1) 2y .
R? JR?

@ we complete it into & *-algebra- strict deformation.
@ K-theory of the deformed algebra is themeas the original one.
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Strict Deformation

Noncommutative 2-torus

Ay = C(T3) = (U,V| VU = exp 27UV ).
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Strict Deformation

Noncommutative 2-torus

Ay = C(T3) = (U,V| VU = exp 27UV ).

@ 0=0,Ay=C(T?);

s.Morita

00cQ, Ay = C(T?);
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Strict Deformation

Noncommutative 2-torus

Ay = C(T3) = (U,V| VU = exp 27UV ).

@ 0=0,Ay=C(T?);

s.Morita

00cQ, Ay = C(T?);
@ 0¢Q, Ay = C(S?) xy Z, irrational rotation algebra.
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Our work

The question

Assume on th&€*-algebraA there is a strongly continuous actian
of R", plus a strongly continuous actighof a compact groufs,
then what would be thK -theory of the ("deformed") algebra ?
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Our work

When the two actions commute...
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.

@ Applying Rieffel's consctruction for th&"-action& on
A xg G ~ quantized algebréA 3 G);.

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi




Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.

@ Applying Rieffel's consctruction for th&"-action& on
A xg G ~ quantized algebréA 3 G);.

0 "[a, 8] =0
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.
@ Applying Rieffel's consctruction for th&"-action& on
A xg G ~ quantized algebréA 3 G);.

9 "[o,5]=0"=p it strongly continuous actiofi onAj,
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.

@ Applying Rieffel's consctruction for th&"-action& on
A xg G ~ quantized algebréA 3 G);.

9 "[o,5]=0"=p it strongly continuous actiofi onAj,
AJ NBG ~ (A Xg G)J
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Our work

When the two actions commute...

@ If the G-action3 commutes with théR"-actionc,

0 o M, strongly continuous actiofi onA xz G.

@ Applying Rieffel's consctruction for th&"-action& on
A xg G ~ quantized algebréA 3 G);.

9 "[o,5]=0"=p it strongly continuous actiofi onAj,
Ay x5G = (AxgG);.

0 Ko(A x5 G) =Ko((AxpG)y) = Ke(Ag x5 G).
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Our work

The general case |
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Our work

The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.
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The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.

@ ~ Zp-action on2n-torusT?" = R2" /72",
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Our work

The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.

@ ~ Zp-action on2n-torusT?" = R2" /72",
@ R?" acts onR?" by translation- acts orlT?".
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The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.

@ ~ Zp-action on2n-torusT?" = R2" /72",

@ R?" acts onR?" by translation- acts orlT?".

@ A = C(T?"), J the standard symplectic matrix &?".

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi



Our work

The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.

@ ~ Zp-action on2n-torusT?" = R2" /72",
@ R?" acts onR?" by translation- acts orlT?".
@ A = C(T?"), J the standard symplectic matrix &?".

@ « (resp.p) : action of R?" (resp.Z,) onA, dual to its action on
T2".
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Our work

The general case |

® G = Z, = 7Z/2Z—action onR": reflection with respect to a
hyperplane.

@ ~ Zp-action on2n-torusT?" = R2" /72",

@ R?" acts onR?" by translation- acts orlT?".

@ A = C(T?"), J the standard symplectic matrix &?".

@ « (resp.p) : action of R?" (resp.Z,) onA, dual to its action on
T2".

@ p: natural inclusiorZ, — SL,(R,J), we have

ﬁgax - apg(x)ﬁg, fOf a” g S G,X S Rn.
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Our work

The general case Il
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Our work

The general case Il

@ "[a, 8] # 0"+ nontrivial p : G — SLp(R,J), theR"-actiona on
A cannot be lifted naturally to an action oA xg G.
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Our work

The general case Il

@ "[a, 8] # 0"+ nontrivial p : G — SLp(R,J), theR"-actiona on
A cannot be lifted naturally to an action oA xg G.

@ we still have

Pg(a xyb) = Gg(a) x5 fy(b), Bg(a”) = Fg(a)”,
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Our work

The general case Il

@ "[a, 8] # 0"+ nontrivial p : G — SLp(R,J), theR"-actiona on
A cannot be lifted naturally to an action oA xg G.

@ we still have
Bg(a xyb) = By(a) x5 By(b), Bg(a”) = pBy(a)",

@ i.e., theG-actiong onA; is still well-defined.
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Our work

The general case Il

@ "[a, 8] # 0"+ nontrivial p : G — SLp(R,J), theR"-actiona on
A cannot be lifted naturally to an action oA xg G.

@ we still have

Pg(a xyb) = Gg(a) x5 fy(b), Bg(a”) = Fg(a)”,

@ i.e., theG-actiong onA; is still well-defined.
@ Therefore we can consider the crossed product alg&prag G.
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Our work

Main Result

Theorem (X.Tang-Y.)

When A is a separable C*-algebra, and if the actions «, 5 and
the group homomorphism p satisfy

Bgax = apyx)Bg, foranygeG,x e R".

Then

K.(AJ X g G) = K.(A Ap G), o — 0,1.
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Our work

First part of the proof |
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}.
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}.
°
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Our work

First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.

@ For givenJ, we define om3”

(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.

@ For givenJ, we define om3”
(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~
@ B also acts orsA:

(LIF)(x) == /F(x+Ju)f(x+v)e2”i”"’dudv, FeB? feSh
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Our work

First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.

@ For givenJ, we define om3”
(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~

@ B” also acts orBs”:

(LIF)(x) == /F(x+Ju)f(x+v)e2”i”"’dudv, FeB? feSh

@ A-valued inner product
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.

@ For givenJ, we define om3”
(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~

@ B” also acts orBs”:

(LIF)(x) == /F(x+Ju)f(x+v)e2”i”"’dudv, FeB? feSh

@ A-valued inner product-operator norni| ||; on BA
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First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.

@ For givenJ, we define om3”

(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~
@ B also acts orsA:

(LIF)(x) == /F(x+Ju)f(x+v)e2”i”"’dudv, FeB? feSh

@ A-valued inner product-operator nornj| [|; on BA ~
(B5, %3, |l3) a preC*-algebra.
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Our work

First part of the proof |

@ BA = {f : R" — A smooth f and all its derivatives being
bounded}

f,9)a = /f x)dx ~ A-valued inner product o8”.
@ For givenJ, we define om3”

(Fx3G)(x) := /F(x+Ju)G(x+v)e2’““"’dudv, F,G e B~
@ A also acts orsA:

(LIF)(x) == /F(x+Ju)f(x+v)e2”i”"’dudv, FeB? feSh

@ A-valued inner product-operator nornj| [|; on BA ~
(BJ BSHRRE! preC*-algebra. ~scorrespondindgC*-algebra

B5, completion ofSh = Sh
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Our work

First part of the proof Il
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First part of the proof Il

@ RM-actiona on A
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First part of the proof Il

@ R"-actiona on A ~ strongly continuou®R"-actionv on Eﬁ (R"
also acts oi55)
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Our work

First part of the proof Il

@ R"-actiona on A ~ strongly continuou®R"-actionv on Eﬁ (R"
also acts oi55)

(1 (F))(x) := ar(F (x —1)).

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi



Our work

First part of the proof Il

@ R"-actiona on A ~ strongly continuou®R"-actionv on Eﬁ (R"
also acts oi55)

(1 (F))(x) := ar(F (x —1)).

@ the fixed point subalgebra ofcan be identified with  the
subalgebra o?ﬁ\ generated by elements of the form

a(x) := ax(a), aeA>.
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Our work

First part of the proof Il

@ R"-actiona on A ~ strongly continuou®R"-actionv on Eﬁ (R"
also acts oi55)

(1 (F))(x) := ar(F (x —1)).

@ the fixed point subalgebra ofcan be identified with  the
subalgebra o?ﬁ\ generated by elements of the form

a(x) := ax(a), aeA>.

@ Itis exactlyA;.
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Our work

First part of the proof IlI

o A; andg'JA %, R™ are strongly Morita equivalent.(Rieffel)
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First part of the proof IlI

o A; andg'JA %, R™ are strongly Morita equivalent.(Rieffel)
@ We can generalize it to the equivariant case(for@iaction ).
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Our work

First part of the proof IlI

o A; andg'JA %, R™ are strongly Morita equivalent.(Rieffel)
@ We can generalize it to the equivariant case(for@iaction ).

@ G-actionf ongﬁ: Bg(F)(X) = Bg(F(g7(x))).
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Our work

First part of the proof IlI

o A; andg'JA x, R" are strongly Morita equivalent.(Rieffel)

@ We can generalize it to the equivariant case(for@iaction ).
.= —=A - _

@ G-actions onSy: By (F)(X) := By(F (g~ *(x))).

@ G-actiong is strongly continuous.
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First part of the proof IlI

o A; andg'JA x, R" are strongly Morita equivalent.(Rieffel)

@ We can generalize it to the equivariant case(for@iaction ).
.= —=A - _

@ G-actions onSy: By (F)(X) := By(F (g~ *(x))).

@ G-actiong is strongly continuous.

Proposition

the crossed product algebras A; xz G and (3? x, R") x5 G are
strongly Morita equivalent.
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Our work

First part of the proof IlI

o A; andg'JA %, R™ are strongly Morita equivalent.(Rieffel)

@ We can generalize it to the equivariant case(for@iaction ).
L= A5 _

@ G-actions onSy: By (F)(X) := By(F (g~ *(x))).

@ G-actiong is strongly continuous.

Proposition

the crossed product algebras A; xz G and (3? x, R") x5 G are
strongly Morita equivalent.

@ By Morita equivalence, we have

Ke(A3 %5 G) = Ko((S) 4, R") 55 G).
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Our work

Second part of the proof
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Second part of the proof

@ C,: the complexified Clifford algebra associatedR.
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Second part of the proof

@ C,: the complexified Clifford algebra associatedR.
@ ObservationR" x5 G is amenable.
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Our work

Second part of the proof

@ C,: the complexified Clifford algebra associatedR.
@ ObservationR" x5 G is amenable.
@ equivariant Thom isomorphism by Kasparov :

Theorem

Assume R" and G act strongly continuously on the C*-algebra
A, denoted by « and g, respectively. Let p : G — GL(n,R). If for
anyg € G,x € R", a and  satisfy fyax = Qpy(x) g, then

12

Ke(((A®Cn) o R") x5G) =2 KE((A®Cp) xoR") 2KE(A)
K.(AXIBG),

12

where C,, is the complexified Clifford algebra associated to R".

v
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Second part of the proof

@ C,: the complexified Clifford algebra associatedR.
@ ObservationR" x5 G is amenable.
@ equivariant Thom isomorphism by Kasparov :

Theorem

Assume R" and G act strongly continuously on the C*-algebra
A, denoted by « and g, respectively. Let p : G — GL(n,R). If for
anyg € G,x € R", a and  satisfy fyax = Qpy(x) g, then

12

Ke(((A®Cn) o R") x5G) =2 KE((A®Cp) xoR") 2KE(A)
K.(AXIBG),

12

where C,, is the complexified Clifford algebra associated to R".

v

® We obtainK.((Sy ® Cn) %5 G) = Kesn((S5 %, R") x5 G).
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Our work

Gennadi Kasparov(1948 - )
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Strict Deformation
Our work
Applications

Gennadi Kasparov(1948 - )

1 <
Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xie




Our work

René Thom(1923 - 2002)
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René Thom(1923 - 2002)
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Third part of the proof |
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Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi



Our work

Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJAin R".
o (Rieffel) S7 = A® K ® Coo(Vo).
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Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

o (Rieffel) Sy =2 A® K ® Coo (Vo).

@ U:orthogonal complement &fg in R".
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@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

o (Rieffel) Sy =2 A® K ® Coo (Vo).

@ U:orthogonal complement &fg in R".

@ BothU andVq areG-invariant subspaces.
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Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

o (Rieffel) Sy =2 A® K ® Coo (Vo).

@ U:orthogonal complement &fg in R".

@ BothU andVq areG-invariant subspaces. @G is compact a
G-invariant complex structure dd compatible withJ|y.
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Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

o (Rieffel) Sy =2 A® K ® Coo (Vo).

@ U:orthogonal complement &fg in R".

@ BothU andVq areG-invariant subspaces. @G is compact a
G-invariant complex structure dd compatible withJ|y.

@ We cansupposes preserves the standard complex structure on
uU.
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Third part of the proof |

@ KC: algebra of compact operators on separable Hilbert space;
kernel ofJ in R".

o (Rieffel) Sy =2 A® K ® Coo (Vo).

@ U:orthogonal complement &fg in R".

@ BothU andVq areG-invariant subspaces. @G is compact a
G-invariant complex structure dd compatible withJ|y.

@ We cansupposes preserves the standard complex structure on
uU.

o (Rieffel)ForA = C, ESC = space of compact operators on the
subspacé{ of L?(U) generated by the elements of the form

v _lz1?
g(z)e” 2,

whereg is an anti-holomorphic function.
@ 7H is aG-invariant subspace, the above isomorphism is also
G-equivariant.
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Our work

Third part of the proof Il

Morita

S.
0 (ARK®Cux(Vo)®Cn)x5G = (A®Cx(Vo)®Cn)xj5G.
(G-equivariant Morita equivalence, Combes)
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Third part of the proof Il

Morita

S.
0 (ARK®Cux(Vo)®Cn)x5G = (A®Cx(Vo)®Cn)xj5G.
(G-equivariant Morita equivalence, Combes)
@ R" =V @ U ~ Cp is G-equivariantly equivalent t@y, @ Cy.
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Third part of the proof Il

0 (A®K ©Cos(Vo)©Cn) %3G = (A®Ca(Vo) & Cn) 3G
(G-equivariant Morita equivalence, Combes)

@ R" =V @ U ~ Cp is G-equivariantly equivalent t@y, @ Cy.

@ the restriciton of] gives a symplectic form obJ, and the
G-action preserves both (the restriction éfand the metric on
U. Hence the5-action onU is spin®.
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Our work

Third part of the proof Il

Morita

0 (AQK ©Cu(Vo)®Cn) x5G TR (A®Co (Vo) ®Chn) x5G.
(G-equivariant Morita equivalence, Combes)

@ R" =V @ U ~ Cp is G-equivariantly equivalent t@y, @ Cy.

@ the restriciton of] gives a symplectic form obJ, and the
G-action preserves both (the restriction éfand the metric on
U. Hence the5-action onU is spin®.

<] (A & COO(V()) ® (Cn) X3 G and(A ® COO(V()) ® (C\/O) X5 G
have the samKK -theory.
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Our work

Third part of the proof Il

0 (A®K ©Cos(Vo)©Cn) %3G = (A®Ca(Vo) & Cn) 3G
(G-equivariant Morita equivalence, Combes)

@ R" =V @ U ~ Cp is G-equivariantly equivalent t@y, @ Cy.

@ the restriciton of] gives a symplectic form obJ, and the
G-action preserves both (the restriction éfand the metric on
U. Hence the5-action onU is spin®.

) (A ® COO(V()) ® (Cn) X3 G and(A ® COO(V()) ® (C\/O) X5 G
have the samKK -theory.

@ G-equivriant Thom isomorphisrs>

Ke((S5 © Cn) 25 G) = Ke((A® K ® Coo(Vo) @ Cn) x5 G)

= Ko((A® Coo(Vo) ® Cy,) x5 G)
= Ko(A x5 G).
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Our work

Conclusion

Ke(Ay x5G) =22 K, (35 %, R") x5 G)
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Our work

Conclusion

Ke(Ay x5G) =22 K, (35 %, R") x5 G)

222 K((S5 @ ) %5 6)
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Our work

Conclusion

Ke(Ay x5G) =22 K, (35 %, R") x5 G)
222 K((S5 @ ) %5 6)
3rd step

TP K, (A x5 G).
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Noncommutative toroidal orbifolds
0 deformation

Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.
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Noncommutative toroidal orbifolds

. 6 deformation
Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.
@ symplectic formJ = fdxy A dx, onR?.
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Noncommutative toroidal orbifolds

. 6 deformation
Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.
@ symplectic formJ = fdxy A dx, onR?.

@ SL(2,7Z) acts onR?, preservingZ?, so it acts oril?. Denote by
0.
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Noncommutative toroidal orbifolds

. 6 deformation
Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.

@ symplectic formJ = fdxy A dx, onR?.

@ SL(2,7Z) acts onR?, preservingZ?, so it acts oril?. Denote by
0.

@ SL(2,7Z) has the (finite) cyclic subgroups generated by

/-1 0 (-1 -1
2=\ o0 -1 ) =11 o

(0 -1 (0 -1

949=\1 o ) %=1 1 )
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Noncommutative toroidal orbifolds
0 deformation

Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.

@ symplectic formJ = fdxy A dx, onR?.

@ SL(2,7Z) acts onR?, preservingZ?, so it acts oril?. Denote by
0.

@ SL(2,7Z) has the (finite) cyclic subgroups generated by

/-1 0 (-1 -1
2=\ o0 -1 ) =11 o

(0 -1 (0 -1

949=\1 o ) %=1 1 )

@ Z; = the cyclic subgroups dL(2,7Z) generated by;, with
corresponding indiceis= 2, 3,4, 6.
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Noncommutative toroidal orbifolds
0 deformation

Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.

@ symplectic formJ = fdxy A dx, onR?.

@ SL(2,7Z) acts onR?, preservingZ?, so it acts oril?. Denote by
0.

@ SL(2,7Z) has the (finite) cyclic subgroups generated by

/-1 0 (-1 -1
2=\ o0 -1 ) =11 o

(0 -1 (0 -1

949=\1 o ) %=1 1 )

@ Z; = the cyclic subgroups dL(2,7Z) generated by;, with
corresponding indiceis= 2, 3,4, 6.

@ In this exampleSL(2,J) = SL(2,R).
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Noncommutative toroidal orbifolds
0 deformation

Applications

@ 2-torusT? ~ R?/Z? ~ an actiono of R? by translation.

@ symplectic formJ = fdxy A dx, onR?.

@ SL(2,7Z) acts onR?, preservingZ?, so it acts oril?. Denote by
0.

@ SL(2,7Z) has the (finite) cyclic subgroups generated by

(-1 0 (-1 1
2=\ o0 -1) =01 o0
(0 1 (0 -1
94=\1 0 ) %=1 1 )
@ Z; = the cyclic subgroups dL(2,7Z) generated by;, with
corresponding indiceis= 2, 3,4, 6.

@ In this exampleSL(2,J) = SL(2,R).
@ We can define the inclusion: Z; — SL(2,R).

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi



Noncommutative toroidal orbifolds

. 6 deformation
Applications

It is easy to verify that th&;-action3 onT?, theZ;-actionp onR?,
and theR2-actiona. on T2, satisfy the hypothesis of the theorem.
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Noncommutative toroidal orbifolds

. 6 deformation
Applications

It is easy to verify that th&;-action3 onT?, theZ;-actionp onR?,
and theR?-actiona. on T?, satisfy the hypothesis of the theorem. And
Z; acts on the Rieffel deformatiofy; (i.e., Ag) naturally.

Yi-Jun Yao On K-theory of some Noncommutative Orbifold(joint work with Xi



Noncommutative toroidal orbifolds
0 deformation

Applications

It is easy to verify that th&;-action3 onT?, theZ;-actionp onR?,
and theR?-actiona. on T?, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformatiofy;(i.e., Ag) naturally. Hence,

Ke(Ay % Zi) = Ko(A x Z;).
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Noncommutative toroidal orbifolds
0 deformation

Applications

It is easy to verify that th&;-action3 onT?, theZ;-actionp onR?,
and theR?-actiona. on T?, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformatiofy;(i.e., Ag) naturally. Hence,

Ke(Ay % Zi) = Ko(A x Z;).

We obtain then a completely different proof of a result of
Echterhoff-Lick-Philipps-Walter.
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Noncommutative toroidal orbifolds

A 0 deformation
Applications

It is easy to verify that th&;-action3 onT?, theZ;-actionp onR?,
and theR?-actiona. on T?, satisfy the hypothesis of the theorem. And
Zi acts on the Rieffel deformatiofy;(i.e., Ag) naturally. Hence,

Ke(Ay % Zi) = Ko(A x Z;).

We obtain then a completely different proof of a result of
Echterhoff-Lick-Philipps-Walter. For thg, case, it was first done by
Kumjian (1990).
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Noncommutative toroidal orbifolds
6 deformation

Applications

4-sphereS* in R® centered af0, 0,0,0,1/2) and of diametet, i.e.,

1\? 1
(Xl"",X5)|X12+X22+X32+xf+<x55) _1
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Noncommutative toroidal orbifolds
6 deformation

Applications

4-sphereS* in R® centered af0, 0,0,0,1/2) and of diametet, i.e.,

1 2
{(Xl"" ,X5)|XE+X22+X§+XE+ <X5§> :Z}

Define aT?-action onS* by

((91, 92), (X]_, s ,X5)) —

cos(f1) sin(61) 0 0 0

—sin(61) cos(61) 0 0 0

(X1, ,Xs) 0 0 cos(f) sin(62) O
0 0 —sin(6,) cos(6,) O

0 0 0 0 1
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Noncommutative toroidal orbifolds
6 deformation

Applications

4-sphereS* in R® centered af0, 0,0,0,1/2) and of diametet, i.e.,
2 2 2 2 1\? 1
(Xl,“',X5)|Xl +X2+X3+X4+ X5—§ :Z X

Define aT?-action onS* by
((61,02), (X1, ,X5)) —>

cos(f1) sin(61) 0 0
—sin(61) cos(61) 0 0
(

= O OOOo

(X1, ,Xs) 0 0 cos(fz) sin(62)
0 0 —sin(6,) cos(6-)
0 0 0 0

The same formula defines also BA-actiona on S%.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ Z,-action on S* by reflection

(0-25 (Xl7 e ,X5)) — (Xla —X2, X3, —X4, X5)-
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ Z,-action on S* by reflection
(0-25 (Xl7 e ,XS)) — (Xla —X2, X3, —X4, X5)-

@ 7, also acts ofR? by reflection

(1o
p-a2 0 -1)°
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ Z,-action on S* by reflection
(02,(X1,++ ,X5)) — (X1, —X2, X3, —X4, X5).
@ 7, also acts ofR? by reflection
p:az—><_ol 01>.

@ J = Adxy A dx, onR2.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ Z,-action on S* by reflection
(0-25 (Xl7 e ,XS)) — (Xla —X2, X3, —X4, X5)-

@ 7, also acts ofR? by reflection

s -1 0
pro2 0 -1)°
@ J = Adxy A dx, onR2.
@ «, 3, p satisfy the conditions of the theorem.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ Z,-action on S* by reflection

(0-25 (Xl7 e ,XS)) — (Xla —X2, X3, —X4, X5)-

@ 7, also acts ofR? by reflection

_ 1 0
po2—\ o _1 )
@ J = Adxy A dx, onR2.

@ «, 3, p satisfy the conditions of the theorem.

@ C(S*) ~» C(Sy)(depends od and«) = #-deformation
introduced by Connes and Landi(2000).
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ 7Z,—action onC(Sy) is strongly continuous.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ 7Z,—action onC(Sy) is strongly continuous.
@ Therefore

Ke(C(8*) » Z7) = Ku(C(S§) x Z3).
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ 7Z,—action onC(Sy) is strongly continuous.
@ Therefore

Ke(C(8*) » Z7) = Ku(C(S§) x Z3).

@ TheK-theory ofC(S*) x Z, can be computed via
Z,-equivariant vector bundles @f.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ 7Z,—action onC(Sy) is strongly continuous.
@ Therefore

Ke(C(8*) » Z7) = Ku(C(S§) x Z3).

@ TheK-theory ofC(S*) x Z, can be computed via
Z,-equivariant vector bundles @f.

@ we can get

Ko(C(Sg) % Z) = Z* ~ Kyi(C(S§) x Zy) = 0.
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Noncommutative toroidal orbifolds
6 deformation

Applications

@ 7Z,—action onC(Sy) is strongly continuous.
@ Therefore

Ke(C(8*) » Z7) = Ku(C(S§) x Z3).

@ TheK-theory ofC(S*) x Z, can be computed via
Z,-equivariant vector bundles @f.

@ we can get
Ko(C(Sg) x Z3) = 74, K1(C(Sg) x Z3) = 0.

@ Remark: in the above procegs; is not essential, the same
method works foK,(C>°(S3) x Z;),i = 3,4, 6.
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Noncommutative toroidal orbifolds
6 deformation

Applications

Thanks! ]!

eory of some Noncommutative Orbifold(joint work wit
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