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fAbs.trac:t: In this talk | will describe some recent results on
spectral multipliers for abstract self-adjoint operators with
generalized Gaussian estimates.

# Joint work with

o Peng Chen (Zhongshan University)
o El Maati Ouhabaz (Université Bordeaux 1, France)

o Adam Sikora (Macquarie University, Australia)

o -
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Background
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Fourier Analysis
f.o Fourier transform
Sr(f)(@) = [ fleperninag
EI<R

where

o If f € L*(R"), then

lim Sgr(f)(z) = f(z), ae xeR"?

m—0o0

(Lusin conjecture, OPEN!)
L = Progress in LP-norm

Spectral Multipliers for Operators with Generalized Ga

-

ussian Estimates — p. 4/~



# Fourier analysis

f(z) = lim f(€)e*m8dg

fi—oo Ji¢|<R

on=1: holdsin LP norm, 1 < p < oo
on >2: onlywhenp=2

# Bochner-Riesz summability

2.0 . .
Sf(x) = Jim - EEY fggermineag

fi=os Jig|<r (=%

L o LP-boundedness?
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ﬁ.o Fourier multipliers T

u(z,t) = | m(|€]) f(€)e” ™ dg

Rn
where my(|&]) IS
o e~ € (Heat equation)

o e Ml (Laplace equation)
o cost|&] orsintlé|/[€] (Wave equation)

o e~ € (Schrodinger equation)

#® [P-boundedness of multipliers?

o -
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The Classical Case: R
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Radial Fourier Multipliers

f.o Marcinkiewicz (1939) T
Mihlin (1957)
Hormander (1960)

® letA=>"", a D "> be the Laplacian on R”, and consider

the operator 7,, = m(v/—A), I.e.

T ()(€) = m(I€NDF (&)
1T (Hllp < Cllfllp, 1<p<oo?
o If m € L, then T}, is bounded on L*(R")

o -
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Multiplier Theorem (I)
-

® Theorem A T,, = m(v/—A) is bounded on LP(R"),
1 <p<oo,lf

MmOV < AN, 0< <k, k>n/2 0.1)
or more generally:

iug 17 )m(t)||[we2 <00 a>n/2, (0.2)
>

where n € C5°(Ry)

o Calderéon-Zygmund Theory: (0.2) = T,,f = K * f with

Krx—y)— K(z)|lde < A
[, 1K)~ K@l < B
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# The sharp restriction o > n/2 in the theorem

o Bochner-Riesz means: m()\) = (1 — %)%,

n—1

5 S mE W%3(R), a>n/2

o >

o Fix p € (1,2). Find minimal smoothness conditions for
LP-boundedness of multipliers m(v/—A) ?

o -
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LP-Multiplier Theorem (11)
-

® TheoremB Letl <p<2(n+1)/(n+3). T, = m(v—A4A)
IS bounded on LP(R"), If

sup [|n(-)m(t-)llwe.z <00 a>o(p)+1/2
>

where
o(p) =n|1/2—1/p| —1/2

o Carbery-Gasper-Trebels (1984), Christ (1985),
Seeger (1986),...

o Heo-Nazarov-Seeger (2011)

-
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Basic Fact

m(vV=R) = /0 T nOVE (M)

# The spectral measure dE ,—x () satisfies

(By)  NAE ms Wl oo < O p e [1 2]

where

An—l _
dE —~(\;x.1) = / e T=Y)AE g
v_aAz,y) 2 Sy §

= LP-Multiplier Theorem .
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Application: Bochner-Riesz M eans
f.o Known results T

o0 > ”T_l
bounded on LP(R™),1 <p < o0

o § = 21 (M. Christ, 1988)
weak type (1,1)

o0 =0 (C. Fefferman, 1971)
never bounded on LP(R™) unlessn =1o0rp =2

o § < 21 (C. Herz, 1954)
If bounded on LP(R™), then § > §(p) = n‘% - %‘ — 3, l.e,

2n 2n /
L po(5)—n+1+25<p<n_1_25—p0(5) J
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R n = 2 ( Carleson and Sjolin, 1972) T

po(8) < p < po(d)

on > 3 (Stein-Tomas(1975);Fefferman(1973);Christ(1988))
bounded on LP(R"), if

LO Bourgain-Guth (2011) J
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Bochner-Riesz summability

S9 is uniformly bounded on LP in the

shaded region.

%)

—_ NS

M‘

n—1 n—1 1 ntl nt3
2(n+1) 2n 2 2n 2(n+1)

=



Spectral Multipliers
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f.’ Let L =a(D) = > jj1<m a; D’ be a positive self-adjoint T
operator on L?(R").

L :/O N dEL(\)

o lim Er(\)f = fin L?*R")

A—00
o Not True in LP(R"),1 <p < 2
o Er (M) Is a convolution operator with the kernel

e(A;x,y) = (277)_”/ el Ty e

a(§)<A

~ (Carleman (1935), Garding (1953), Agmon (1967), .
Hormander (1968), ....)
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f.o Abel-Laplace summability T

Ey = / e HAdEL (1)
0

o lim ELf=fin LP(R"),1<p<?2

A— 00

# Riesz summability

S /OOO (1 — %)idEL(,U)

o For any § > 0, Alim ELf=fin L*R").

o How about LP(R"),1 < p < 00?

-
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f.’ Let L be a non-negative self-adjoint operator on L?(X) T
and E1()\) denote a spectral resolution. Define, for any
bounded Borel function F,

P - [ T FOEL

IF(L)fllp < Cllfllps 1<p<oo?

o F(L) is bounded on L?(X)
o How about LP(R"),1 < p < 00?

o -
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Example: L = A + 2°

ﬁ.o Riesz means S%(L): Different from S%(A) o

(Askey-Wainger (1965); Thangavelu (1989))
> never bounded on L'(R) unless § > 4

S0 > %
bounded on I’(R),1 < p < o0

o0 < %
bounded on LP(R), if

4
66+3 VS 1 65

o -
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Spectral Multipliers on
Compact Manifolds



f.o Hormander (1966), ...... T

Sogge (1987), Christ-Sogge (1988), Seeger-Sogge
(1989), Tao (1996), ......

Let P be a first order classical pseudo-differential
operator on a compact manifold. Let {)\;} and and {e;}
be the eigenvalues and eigenfunctions of P. Define,

m(P)f = m(X;)e;(f)
j=1

[m(P)fllp < Cllfllpy 1<p<oo?

o If m € L, then m(P) is bounded on L?(M) J
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LP-Multiplier Theorem (I11)
- o

#® Theorem C (Seeger-Sogge, 1989) Let P be such that
the co-spheres {£ € TXM\O : p(z,&) = 1} have
everywhere non-vanishing Gaussian curvature for each
re M. Letl <p<2n-+1)/(n+3). Then m(P)Is
bounded on LP(R"), if

Sup In()m(t)|lwe2 <oco  a>d(p)+1/2
>

where
o(p) =n|1/2—1/p| —1/2

o -
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# Two key ingredients of the proofs
o (discrete) (p, 2) restriction theorem (Sogge, 1988): Let

xef = Y e(f)

)\jE[k—l,k]

Ixefllzzany < CKD| flloary, k=1,2,-
= Local multiplier theorem

o LP-multiplier theorem
(Littman-McCarthy-Riviere (1968); Carbery (1986);

L Seeger (1988)) J
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Application: Riesz Means

f.o Riesz means on compact manifolds T
00 ) )
sin=3(1-%) o)
j=1 +

oLetl<p<2n+1)/(n+3). If 5(p) :n‘%—%‘ _ 1 then

sz(p) are of weak-type (p,p) uniformly in R
(Christ-Sogge (1988); Seeger (1991); Tao (1996))

o -
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Spectral Multipliers on Metric
Spaces



f.o Peetre (1964) T

Hormander (1966)

Thangavelu (1989)

Hebisch (1990)

Christ(1991)

Alexopoulos(1994)
Muller-Stein(1994)
Duong-Ouhabaz-Sikora(2002)
Guillarmou-Hassell-Sikora(2010)

o -
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Assumption (1)

-

® (X, d,u): metric measure space with “doubling
volume property"

Vz,2r) < CV(x,r) Vee X,r>0

—
o dn,C, > 0 such that

Vix,r)
Viz,s)

/r'?’l,
§C’n(—) , Vr>s>0,re X
S

o -
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Assumption (I1)
- o

# Let L be a non-negative self-adjoint operator on L?(X),
and satisfy the finite speed propagation property

(FS) suppcos(tV'L) C {(x,y) : d(z,y) <t}

o (FS) < Davies-Gaffney estimates: For open
subsets £/, F' C X,

dist(E, F)?
ct

o -
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-

o (FS) < The heat kernel p;(x,y) of e~ satisfies

C
GE)  Inlawl < e ( -

d(, y)z)

ct

o Examples
1) L = — Zz’,j 8@ Qi 03’ with i = Qjj
2)L=-A+V (0<V €Ll (R)

3) the Laplace-Beltrami operator on a complete
Riemannian manifold

o

-
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LP-Multiplier Theorem (1V)
- o

# Theorem D (Guillarmou, Hassell and Sikora, 2010) Let
l1<p<2ands>n(l/p—1/2). If

Viz,r)~1r",
and L satisfies restriction estimates

(Rp)  |[dEN)|| oy < oG —1-1

)

then for even F € W*2(R) supported in [—1,1], F(v/L) is
bounded on LP(X), and

iug ”F(t\/Z)Hp—m < Ol F|[ws.2
>

o -
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2(n+1) ___W

n+3}’then

» |f restriction estimates (R,) holds for p € [1,

forall5>n|l—% — 2,

p

< OO
Lr—Lp

1 Ly
s |[(7- )|
R>0 R/ +

(R,) < Schrodinger operators on asmptotically conic
manifolds)

-
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Two Questions

- .

# Remove condition of "supported in [—1, 1| of F™?

(Littman-McCarthy-Riviere (1968); Carbery (1986),
Seeger (1988))

o

® Riesz means (I _ %)
_|_

(Christ (1988); Christ-Sogge (1988); Tao (1996) )

o -
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Main results and Key Tools



Assumption (111)

- .

# [ satisfies the Stein-Tomas restriction type condition
(ST;Q) for1 <p < 2if suppF C |0, R],
(STp)
|F(V L) Poag [y < CV(w,7)

N
D=

(Rr)"" "2 || F (R

forallz € X,r > 1/R

o (p = 1. Duong-Ouhabaz-Sikora, 2002)



Assumption (1V)
-

o [ satisfies the Sogge spectral cluster condition (SCQ,’S
for1 <p<2and ke Nifsupp FFC [-N,N|,
(SCy75)
|F(VL) P,y < CV(x,r)2~

l\’)lr—l
e} Ir—‘

(Nr)"G=D | F(NY)| .o
forallx € X,r > 1/R

o For any F with supp F' C [—1, 2],

1 N
vo= gy 2 s

1_ N A5

1/2

\ PO

)
o (p = 1. Cowling-Sikora, 2001) J
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Relations between Restrictions Estimates

- .

# Proposition (Chen-Ouhabaz-Sikora-Yan, 2011)
(i) If V(x,7) ~r™, then (STZ?,Q) & (Rp)

(Rp)  |[dEON)|| oy < oG —1D-1

(ii) If u(X) < 0o and V(z,r) ~ 1", then (SC}5) < (S,)

S) B A+ 1)y < €1t Ay G

o -

Spectral Multipliers for Operators with Generalized Gaussian Estimates — p. 36/~



- .

# Theorem 1 (Chen-Ouhabaz-Sikora-Yan, 2011) If L
satisfies (FS) and (ST;,) for some p € |1,2), then for

any even F' such that sup,~ ||7F(¢:)||ws2 < oo for some
s>n(l/p—1/2),

|E(V L)l < Csup |InE(t)fwsz p<r< p
>

o (Sikora-Yan, 2012)

o -
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# Theorem 2 (COSY, 2011) If L satisfies (FS), (E,2) and T

(SC23) for some p € [1,2), and for all even Borel
functions F' such that supp F C [N, N|,

(ABp)  |F(VL)|lpop < C-N™"G= 22| F(N) || 5e g,

then for any even F' such that sup, ||[nF(¢:)]||ws2 < 00
for some s > n(1/p — 1/2),

|F(VL)||p—y < C’iu](g)) INFt) sz, p<r<yp.
>

o (Sikora-Yan, 2012)

< CV(x, T)_;(g)n(;;). J
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f.o Proposition 1 (COSY, 2011) If u(X) < oo, and L T
satisfies (FS) and (SO;’QQ) for some p € |1,2), then for
any even F' such that sup,~ ||7F(¢:)||ws2 < oo for some
s>n(l/p—1/2),

|F(VL)||p—y < C’iu](g)) InF ) |lws2, p<r<yp.
>

o -
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f.’ Theorem 3 (COSY, 2011) If L satisfies (FS) and
restriction estimates (ST;,) for some p € [1,2),

then
[(-2)"],e <
SUu — 0.
e R lporre
where
1
d(p) = max{(),n‘— — —‘ — 5}

o -
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#® Theorem 4 (COSY, 2011) If u(X) < oo, and L satisfies
(FS) and (305”21) for some p € [1,2), then

(-5 <
sup — — 00
R>0 R

LP—[P:°

o -
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Key Tools
-

# Key ingredients

o Conditions (FS) + Restriction estimates

4

Local Multiplier Theorem

o Calderdn-Zygmund theory with non-smooth kernels

4

LP-Multiplier Theorem

o -
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Restriction Estimates Revisited
=

o [ satisfies an endpoint Strichartz estimates

/He“LH%ndtg ClIfI3, n>2
R n—2

and for 1 < p < 2n/(n + 2), the smoothing property

= (Rp) = (ST2,)

o Dispersive type estimates ||e**”||; .o < C|s| /2
= Endpoint Strichartz estimates

o -
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Applications

- .

# (l): Standard Laplace operator and compact manifolds

o Standard Laplace operator
= (Ry)for1 <p<2(n+1)/(n+3)
(Stein, 1967; Tomas, 1975)
= Theorems land 3for1 <p<2(n+1)/(n+3)

o Compact manifolds
= (Sp)for1 <p<2(n+1)/(n+3)
(Sogge, 1987, 2002)
L = Theorems 2 and 4 for1 <p<2(n+1)/(n+3) J
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=

# (I): Asmptotically conic manifolds

o Schrodinger operators, i.e. A +V on R”, where V
smooth and decaying sufficiently at infinity

o The Laplacian with respect to metric perturbations of
the flat metric on R", again decaying sufficiently at
Infinity

o The Laplacian on asymptotically conic manifolds

(n—I—l)
(Guﬂlarmou-HasseII-Slkora 2010)
2(n+1)
n+3 J
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-

» (lll): Operators A, + 5 acting on L((0, 00), 7" *dr)
Fix n >2and ¢ > —(n — 2)?/4, write

=

d? —1d
Lf = (Bt ) =—oof =" f 4 5 f

= (ST7,) for p € ((pf)’,2n/(n + 1)) where

(n—2)/2—+/(n—2)2/4+c

(Chen-Ouhabaz-Sikora-Yan, 2011)
L = Theorems 1 and 3 for p € ((p}),2n/(n+ 1)) J

P, =
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# (IV) Scattering operators

L=As+V(z)=—(07+05+035) + V(z)
where V > 0 and

v
sup / () dy < 47 and / V(SE)V(?QJ) dxdy < Am?
reR3 JR3 [T — | Re |z — Y]

= (ST7,) for 1 <p < 6/5
(Rodnianski-Schlag, 2004)
= Theorems 1and 3for1 <p<6/5

-
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# (V) The harmonic oscillator (n > 2)

L=A+V(x)

where

Vo~ |z, [VV]~ 2], 07V < C

(SO ) for1 <p< =%
(Koch-Tataru, 2005)

= Theorem 2 for 1 < p < -2

o -
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# (VI): Homogeneous groups

Spectral multipliers for the homogeneous Laplace
operators acting on homogeneous groups were
Investigated by Hulanicki and Stein, Folland and Stein,
and De Michele and Mauceri.

IFOVDIpe =C [ IFOP
0

= (ST12,2)

= Theorems 1 and 3forp =1

o -
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