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© Atomic decompostions for martingales, 0 < p < 1;

@ Noncommutative Davis’ decompostions, 0 < p < 1.
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ATOMIC DECOMPOSITIONS

@ Harmonic Analysis: Coifman (1974) “Real characterizations of
Hp-spaces”,

@ Coifman and Weiss (1977)-survey- “Extensions of Hardy spaces
and their use in analysis”.

@ Martingale Theory: Herz (1974) “Hp-spaces of martingales,
O<p<1n.

@ Weisz (1990) “Martingale Hardy spaces for0 < p < 1"

@ Weisz (1994) Monograph:“Martingale Hardy spaces and their
applications in Fourier analysis”.
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Definition (Atoms)
Given a probability space (2, F,P) and an increasing filtration (Fn)n>1
of o-subalgebras of F, a function f € L,(Q2, F,P) is called an atom if
there exists n € N and A € 7, such that

@ Ey(f) =0;

o f=1fxa;

o |If[l2 < P(A)~Y2.

Definition (Atomic decompositions)
f=>" A
k

where fi's are atoms, A\ € R with >, [A¢| < oo.

Randrianantoanina (Miami University) MARTINGALE HARDY SPACES June 7, 2012 4/31



Noncommutative martingales

M is a finite von Neumann algebra with a normal faithful tracial state 7.

For 0 < p < oo, denote by L,(M, 7) the associated non-commutative
Lp-space i.e the completion of M under the norm

IXllp = 7 (X )P/2) P,

Let (Mn)n>1 be an increasing sequence of von Neumann subalgebras
of M such that the union of the M,’s is weak* dense in M.

@ Forevery n > 1, there is a normal trace preserving conditional
expectation E,, : M — M,,.

@ Foreveryl <p < ocandn > 1, E, extends to a positive
contraction

En : Lp(M,T) — Lp(MnuT‘Mn)'
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Definition
A non-commutative martingale with respect to the filtration (Mp)n>1 is
a sequence X = (Xn)n>1 in L1(M, 7) such that

En(Xn+1) =X forall 1 <n<oo.

If additionally x C Ly(M, 7) for some 1 < p < oo, then x is called a
Lp-martingale. In this case, we set

1[Iy := sup [xall, -
P sp e

If [[X||p < oo, then x is called a Lp-bounded martingale.
The martingale difference sequence dx = (dx )x>1 associated to X is
defined by

ka = Xk — Xk—-1-
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Square functions and Hardy spaces

Sen) = (0 10?) " S0 = (S n)

k=1 k=1

and .
Sy n(x (Z|d ()7 s = (X ex2)”

k=1

For 0 < p < occ. The column Hardy space #5(M) is the completion of
all finite Loc-martingales under the norm |[x||3c = [|Sc(x)]|p
The Hardy space for 0 < p < 2,

Hp(M) = Hg(M) + Hp(M)
equipped with the (quasi) norm
X[l = I {1 (1725 + 1Zll74; }

where the infimum is taken over ally € HS(M) and z € H(M) such
thatx =y + z.
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Conditioned version:
Let X = (Xn)n>1 be a finite martingale in Lo(M). We set

n 1/2 0 1/2
Sc,n(x) = (ZEk—l|ka|2) , Sc(x) = (ZEk—l|ka|2) ;
k=1 k=1

and

n o0
Srn(X) = (ZEk_ﬂdxlf\z)l/z, s(x) = (ZEk—l\dez)l/z-
= k=1

Let 0 < p < oo. Define hi(M) and hy(M)) same way as before but
using conditionned square functions.
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We also need ¢,(Ly(M)), the space of all sequences a = (an)n>1 in
Lp(M) such that

1/p _
l1alley(Lp(my) = (Z IIanIIE) <oo if0<p < oo
n>1

Let hg(/\/l) be the subspace of ¢,(Lp(M)) consisting of all martingale
difference sequences.

We define the conditioned version of martingale Hardy spaces as
follows: If0 < p < 2,

hp(M) = hS (M) + h§(M) + hi (M)
equipped with the (quasi) norm

1, = 08 {[W g + 1Y g + 12l .

where the infimum is taken over all w € h§(M),y € h$(M) and
z € hp(M) suchthatx =w +Yy + 2.
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Noncommutative atoms

T. Bekjan, Z. Chen, M. Perrin, and Z. Yin (2010), “Atomic
decomposition and interpolation for Hardy spaces”, (JFA).

Definition

Let0 < p < 1. An operator a € Ly(M) is said to be a (p, 2)c-atom with
respect to (My)n>1, if there exist n > 1 and a projection e € M, such
that:

(i) En(a) =0;
(i) r(a) <e; (ae = a);
(iii) ||all2 < 7(e)*/272/P.
Replacing (ii) by (ii)" 1(a) < e, we have the notion of (p, 2),-atoms.

Clearly, (p,2)c-atoms and (p, 2),-atoms are noncommutative
analogues of (p, 2)-atoms for classical martingales.
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Definition (Column atomic Hardy space)
h‘,j’a(/\/l) is the space of all x € L,(M) which admit a decomposition

X = Z)\kak
k

where for each k, ax a (p, 2)c-atom or an elementin L,(Mj) of norm
<1, and )\ € C satisfying Y, | \«|P < co. We equip this space with the

(quasi) norm
. 1/p
IXllpg = inf (3 Acl?)
k

where the infimum is taken over all decompositions of x.

hp™ (M) is define the same way;

h&(M) = hg®(M) + hg® (M) + h§ (M).
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MOTIVATION:
Theorem (Bekjan-Chen-Perrin-Yin (2010))

h‘l”a(M) = hj(M) with equivalent norms.

X lng < X llnea < V21]Ing.

Question 1.
Constructive proof?

Question 2.
Thecase0<p<17?
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Proposition

Let0 <p < 1. lIfaisa(p,2)c-atom then ||af, < 1.i.e.

hg®(M) C h§(M).

Theorem (R.-Xu)
ForO<p <1,

hg(M) = hy*(M) with equivalent p-norms;

X[lhg < [X[lpgac < CplXlng-

Corollary
ForO<p<1,

hp(M) = hf,‘(/\/l) with equivalent p-norms.
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For 8 > 0 define the Lipschitz space of order g by
AGM) = {x € Lo(M) : X[l < oo
where

Ixlng, = max { ¢, U sup

n>1 ecMp,projection T(e)/8+1/2

Corollary
Let0<p§1and6:%—1. Then

(h5(M))™ = AG(M)  with equivalent norms.

Ix )l
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The construction: 2/3 < p < 1.

@ Fix a finite martingale (Xn)1<n<n iN Lo(M). Leta =1 — (p/2).
If a € Lp(M) is selfadjoint and a = [*_sdef is its spectral
decomposition, then for any Borel subset B C R, Xg(Xx) denotes
the corresponding spectral projection ff"oo Xg(s)dey.

°

exo =1
Ekn = X[ozak](ek,n_lﬁsgn(x)ekﬁn_l).ekm_l forn > 1.

@ Foreveryn>1,ecn € My_1.

%0 0 (1)
Pkn = /\ €jn— /\ gn fork>1.
. e

@ Then forevery n > 1, z:p&n = 1.
”

Randrianantoanina (Miami University) MARTINGALE HARDY SPACES June 7, 2012 15/31



@ (First step) Split (x,) into two martingales (x,ﬁo)) and (x,ﬁl)) with

dx.” des “Prensi (A €jn)

>k

and

o
= dxasy (A €in)SiPion
k=0

k-1
x = x0) 1 x(@),

Lemma

2
§ : —a|2 p
< — .
- ||anSn ||2 = p”XHhB

Lemma

Zzpk 1—/\e,N)<cp||x||hc, a<p.
j>k
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For general 2/(2v + 1) < p < 2/(2v — 1), one needs to split x into
2¥-martingales.
[the case 2/5 < p < 2/3]

de Sn Pk, nsn/ (/\ €.n) a/z /\ €in)

j>k j>k
oo m-—1
an = Z den pk,nsn /\eln)sn )Pm,n
m=1 k=0 j>k
dx? _de s ( /\ €j,n)S a/zpk nsﬁ/z /\eiv”)
j>k—1 j=k
co m-1
an - Z den sn ( /\ eln)sa/zpk nSg/z)pmﬁ
m=1 k=0 j>k-1
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Sketch of the decompostion for x(Y).(2/3 < p < 1)

= /\ejm

>0 )
= A &n1— A en fork>1, @
j>k-1 j>k-1

Then for any given n > 1 and k > 1, we have that
Som1 Gkl =1~ Ajsk_1€jn- In particular, pxn < YL Gk-

x(@) — Z dXnSy *( /\ €.n)ShPk.n

j>k—1

= Z dxns, ( /\ €, n)Sh Pk n(z qk I

j>k—1

—Z > dxasy*( A\ €j.n)SiPrnCk,)

n>| j>k—1
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x@) = Z (deﬂsn_a( /\ €j.n)SnPk.nlk,) = Z by,
kI

kI n>l i>k—1

@ Ei(b k) =0, r(by) < ax, with g € M.
by i
[[bx 1 ll27 (a1

@ i = |Ibkyll2m(q,)t/P/2
o x(M =37 | Aja -

@ Need to prove Y, | A¢ | < oo,

9 | =

RE=TE is an atom
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@ 1=>k 2Pk (ai,) = Yoy 2P (1 — Njzk-18iN) < zpCp”XHEg
°

=272y [|3 = Zz K1Y " dxasy (- €1n)SnPindk,ll

kJ n>| j=2k-1
_ Zz 2ak Z den /\ ejvn)Sﬁpk,an,lH%
I<n j=2k-1
. Zz 2ak||dx sn ( /\ €in )Sh Pk nHz
j>k—1

< Z s 3 < cpXI.
n

° >\, )\EJ <legii-e < Cp\|x||ﬁg.
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x(0) — Zdensn Pk,nSn /\ €.n)-

n k=0 >k

ni= pk,nsr?(/\ €n)

j=k

En = support(d > [Fmyl?)

1<n m>k

x(©) = Zdensn PinSe(/\ €.n)Ekn

n k=0 >k
o0
=3 > dxnsy *Prensi (A €)Y Eics — Exi-1)
n k=0 j>k I<n
- Z(Z dxnSp pk,ﬂsroll(/\ €jn)(Ex, — Ek,j-1).
n>| i>k
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X(O)_Z(ZdX” _apknsa(/\ejn Bk, — Ek,—- 1)—2bk|.

n>| >k
® Ei(bxy) =0, r(bx;) <Ex)—Ex1=0ks €M,
o a = by is an atom;

’ bk 1|27 (G 1)L/ P—21/2
® N1 = [[biy 27 (G ) /P22

® DMy < Cp||XHEg
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The argument extents to 1 < p < 2 (with the definition of atoms fo this
range is the same as before)

h§(M) C hg®(M).
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Davis type decompositions

Theorem (Davis, 1970)
If f € H1(Q2, %, P) then 3 a decomposition f = g + h with

Is(@)llx + Y lldhnlls < Clfll3,
n

i.e., H1 = hy with equivalent norms.

Theorem ( Perrin, 2009)
H1(M) = hy(M) with equivalent norms. More precisely, if x € Hy(M),

1
S IXllny < fx ]2, < VB[,
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Junge’s conditionned L,-spaces
For a finite sequence a = (an)n>1, we define (with the convention that

Eo = Eq)
I
n>1

o Lgond (M, £5) is the completion of the space of finites sequences in
M with the quasi-norm || - ||Lcond (M.£5)

@ Lo (M, £5) is defined by a € LS (M, £5) if and only if
a* € Lcond(M €3) With [l cona (g er) = 118" [lgona (1. 5)-

@ hi(M) and hy(M) are subspaces of LCond (M, £5) and
LCond (M, £ )respectlvely
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Theorem (R.-Xu)

Let 0 < p < 1. Then for every bounded L, martingale x there exist two

adapted sequences a°® and a“ with the following properties:
(i) dx, =at +ad,vn>1,;
(if) HacHLw"d(M o) T 12l oy < CPHXHH,%;

(iii) HaCHLoond(M gy T HadHez(Lz M) S CPHXHHg'

Corollary

Every bounded L, martingale x admits a decomposition into two
martingales x¢ and x9 such that

(i) x = x€ +x9;

) (X[l + 1 g < €l
(iii) ||x®
Consequently, H{(M) = hc(/\/l) + h¢ (M) with equivalent norms.

ng + X [lng < ClIx[l,

v
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Thecase2/3<p<1

@ Fix a finite martingale (Xn)1<n<n iN Lo(M). Leta =1 — (p/2).

%]
{ek” -1 ©)

ekn = X[o20k)(Ek,n-1,S¢n(X)€k n-1).€k n-1 forn>1.

@ Foreveryn > 1, exp € M.

'z? (4)
j=k j=k—1

@ Then for every n > 1, Zpk,n =1.
K

Randrianantoanina (Miami University) MARTINGALE HARDY SPACES June 7, 2012 27/31



(First step) Split (x,) into two adapted sequences a and b with
an = dx S, “PnkSH(/\ €.n-1)
k=0 >k

and

(o]
bh = zdxnsn_a( /\ ej,n)Sr?pk,n—l
k=0 >k—1

Lemma

|11l gona 15y < Cpl|X 24
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an =) 0aSy*PukSH(/\ &n-1)
k=0 =k

Mkn = pn,ksr?(/\ ej,ﬂ—l)

j>k

Ek,n = S(Z Z |rm,| |2) € My
m>k 1<n
Define
1 o0
al) =3 dxnSy Pk S\ € n-1)Ekn1
k=0 i>k
and

al? = > " dxa Sy “PrkSH( A €n—1)(Exn — Ekn-1)
k=0 j>k

Thena = a® 4 al.
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Lemma

1
[E )HLgond(lg) < CplIX[lg-

Lemma

123 gy Loty < CpllX |74
and

12® |y Loty < CollX ]l
Take

a=b+a® and a=a®,
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@ Since H§(M) = h§(M), we have HS(M) = h$H(M) i.e., every
martingale in H$ (M) admits atomic decompositions.

@ For 0 < p < 1, elements of #H5 (M) do not necessary admit atomic
decompositions. In fact, even for the commutative case,

Hp(M) € hg(M).

© g-atoms (Hong and Mei-2011).
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