ON THE UMD CONSTANTS FOR A CLASS OF
ITERATED L,(L,) SPACES

YANQI QIU

ABSTRACT. Let 1 < p# ¢ <ooand (D,p) = ({£1},30_1 + £61).
Define by recursion: Xo = C and X, 41 = Lp(p; Ly(11; X)), In
this paper, we show that there exist ¢; = ¢1(p,q) > 1 depending
only on p,q and ca = ca(p,q,s) depending on p,q,s, such that
the UMDy constants of X,,’s satisfy ¢} < Cy(X,) < ¢§ for all
1 < s < co. Similar results will be showed for the analytic UMD
constants. We mention that the first super-reflexive non-UMD
Banach lattices were constructed by Bourgain. Our results yield
another elementary construction of super-reflexive non-UMD Ba-
nach lattices, i.e. the inductive limit of X,,, which can be viewed
as iterating infinitely many times L,(L,).

1. INTRODUCTION

A Banach space X is UMD if for all (or equivalently, for some)
1 < s < oo there is a constant C' > 0 depending only on s and X such
that

(1) sup || > exdfil

Ek'e{_lvl} k=0

L) < CIDdfillzaex)
k=0
for all n > 0 and all X-valued martingale difference sequences (dfy)r_-
The best such C' is called the UMD, constant of X and will be denoted
by Cs(X) in the sequel. It is well-known that in the above definition, we
can restrict to the dyadic martingale differences and the best constant
remains the same. The UMD property for Banach spaces was intro-
duced by Maurey and Pisier. The reader is refered to Burkholder’s
papers [0, [7] for the details of the UMD property.
Let T = {z € C: |z| = 1} be the one dimensional torus equipped
with the normalised Haar measure m. Consider the canonical filtration
on the probability space (TN, m®N) defined by

0(z0) Co(z0,21) C -+ Co(20,21," " ,2n) C-+-
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By definition, a Hardy martingale in L (T"; X) is a martingale f =
(fn)n>0 with respect to the canonical filtration such that sup,, || fullr. <
00, and such that the martingale difference df,, = f, — fu_1 (by con-
vention, dfy := fp) is analytic in the last variable z,, i.e., df, has the
form:

dfn(Z07 crty Rn—1, Z’n) = Z gbn,k(ZO; e 7Zn—1)zs'

k>1

In the above definition of UMD spaces, if the Banach space is over
the complex field C, and if we restrict to the Hardy martingales, then
a different class of Banach spaces is defined, i.e. the analytic UMD
class (AUMD by abreviation). The best constant is called the AUMD
constant of X and will be denoted by C%(X). Note that UMD implies
AUMD but not conversely, for instance, Li(T,m) is an AUMD space
which is not UMD (cf. [9]).

It is well-known that UMD implies super-reflexivity but not con-
versely. The first super-reflexive non-UMD Banach space was con-
structed by Pisier in [I1]. Super-reflexive non-UMD Banach lattices
were later constructed by Bourgain in |2, 3]. We refer to Rubio de Fran-
cia’s paper [13] for some open problems related to the super-reflexive
non-UMD Banach lattices.

The main topic of this paper is the investigation of the UMD con-
stants of a family of iterated L,(L,)-spaces. As a consequence of our
results, we give an elementary construction of super-reflexive non-UMD
Banach lattices.

2. SOME ELEMENTARY INEQUALITIES

We will use the following lemma.

Lemma 2.1. Let (Q,v) be a measure space such that v is finite. Sup-
pose that a # 1 and 0 < a < 00. If F, f € Lo(Q,v) () L1(Q, v) satisfy

Jri =l < [0+ lghrar

for all g € Lo(Q,v). Then |F| < |f] a.e..

Proof. Consider first those g € L (2, v) such that there exists § > 0
and |g| > d a.e.. If F, f satisfy the condition in the statement, then for
all € > 0, we have

2) /wﬂﬂw%é/@ﬂﬂw%u
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By the mean value theorem, there exists § = 0. € (0,1), such that

<€’f| + ’g!)a B ‘g‘a _ a(@e[ﬂ + |g|)a_1|f|.

If @ < 1, then (Oe|f] + |g)* | f| < |g|*7M|f| € L1(Q,v) and if a > 1,
then for 0 < & < 1, we have 0 < fe < 1 and hence (6e|f|+ |g])* 7| f| <
2271 1> + |g|*7 Y f]) € Li(Q,v). By the dominated convergence the-
orem, we have

o JEL L+ gDy — [ lgl*dv _ a/‘fng‘aldy_

e—0t IS

The same equality holds for F'. Combining this with , we get

/ Fllgldv < / Fllgldv.

Replacing g by | g|ﬁ yields

[ 1Fllgid < [ \flglar

By approximation, the above inequality holds for all ¢ € Lo(Q,v).
Hence |F| < |f| a.e., as announced. O

Proposition 2.2. Let (2, v) be a measure space such that v is finite.

Suppose that 1 <p #q < oco. If F, f € L,(,v) () L,(2, v) satisfy
JaEr+glopa < [+ gpian

forall g € Loo(Q,v). Then |F| < |f| a.e..

Proof. This is just a reformulation of Lemma [2.1} 0

Let D = {—1,1} be the Bernoulli probability space equipped with
the measure u = %5,1 + %51. For any 1 < g < o0, the 2-dimensional

{,-space will be denoted by &(]2).

Proposition 2.3. Suppose that 1 < p # q < oo. Let P be the projec-
tion on Lp(,u;f((f)) defined by

P Lp(u;&(f)) — Lp(u;ggQ))
(f7g) = (]Ef’g) ’

where E is the expectation. Then P is not contractive.

Proof. Assume first that both p, q are finite. If P is contractive, then
for any two functions f and g, we have

Jams gy < [0+ lopy
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By Proposition 2.2} it follows that [E(f)| < |f|, which is a contradic-
tion, hence P is not contractive.

If p=oocand 1 < g < oo, then p’ =1 and 1 < ¢’ < oo. Since the
adjoint map P* on Ll(,u;ﬁg?)) has the same form as P, the preceding
argument shows that P* and hence P is not contractive.

If p=o00 and ¢ = 1. Assume P is contractive, then we have

(3) IEF]+ lglll. < 1]+ 1g]]|

Consider f =14¢,9 =1—¢, wheree : D — D is the identity function.

Then the left hand side of equals to 3 while the right hand side

equals to 2. This contradiction shows that P is not contractive.
If1<p<ooand g=o00,then 1< p <ooandq =1, hence P* is

not contractive. It follows that P is not contractive. 0

The norm of P on L,(u; 6((]2)) will be denoted by ¢(p, ¢) in the sequel.
If p=gq, then ¢(p,p) = 1. If 1 < p # q < o0, then

(4) c(p,q) > 1.

Remark 2.4. It is not difficult to check that c(oo,1) = ¢(1,00) = 3.
But we do not know the exact value of ¢(p,q) for general p # q.

As usual, we set

~

Hy(T) ={f € Ly(T,m) : f(k) =0,Vk € Zo}.

We will say that a measurable function f : T — C is bounded from
below, if there exists 6 > 0, such that |f| > ¢ a.e. on T. If f € L,(T) is
bounded from below, then the geometric mean M(|f]) of | f| is defined
by

log M(1f) = [ oz |7(2)am(:).
In particular, if f:ID — C is an outer function, then
(5) M([f]) = |f(0)| = [Ef].

The following elementary proposition will be used in when we
treat the analytic UMD property.

Proposition 2.5. Suppose that 1 < p # q < oo. Define k(p,q)
to be the best constant C' satisfying the property: For any measur-
able partition T = AUB with m(A) = m(B) = 3, for any function

f = fixa+ faxs with fi >0, fo > 0 and any function g = g1xXa+g2XB,
we have

[ a1+ gl dm < € [y + gpryieam.
T T
Then k(p,q) > 1.
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Proof. Assume k(p,q) < 1. Fix any measurable partition T = AUB
such that m(A) = m(B) = 5. Consider the 2-valued functions f =
Jixa + faxs and g = gixa + gaxp with fi, fo positive scalars. By
Proposition[2.2) M(f) < f. However, one can easily check that M (f) =
11/2 21/2. If fi > fo, then M(f) > f21/2 21/2 = fo, which contradicts to
M(f) < f. Whence the announced statement. O

3. UMD CONSTANTS OF ITERATED L,(L,) SPACES

The following definition is essential in the sequel.

Definition 3.1. Consider a Banach space X with a fixed family of
vectors {x;}icr. We define S(X;{z;}) to be the best constant C' such
that

© | SOE 0,

k=0

N
<C| Yt
Li@BX) ~ kz:% -

Lo (97P§X)

holds for any N € N, any probability space (2, F,P) equipped with
a filtration Ay C Ay C - C A, C -+ C F, any N + 1 distinct
indices {ig, i1, - iy} C I and any N + 1 functions 6y,61,--- ,0x in
Loo(,F,P).

If there does not exist such constant, we set S(X;{x;}) = oc.

In what follows, we are mostly interested in the special case when
{z;} is a 1-unconditional basic sequence, since in this case we can relate
S(X;{x;}) to the UMD constants of X. If {z;} is clear from the context
and there is no confusion, we will use the simplified notation S(X) for
S(X;{z;}). In particular, if X has a natural basis, then S(X) will
always mean to be calculated with this basis.

We will need the following well-known Stein inequality in UMD
spaces, which was originally proved by Bourgain [4]. For the sake of
completeness, we include the proof.

Theorem 3.2. Let X be a UMD space. Then for any 1 < s < 0o, any
finite sequences of functions (Fi)r>o in Ls(2,P; X) and any filtration
AgC A C---CA, C -+ on (Q2,P), we have

) | S B < C(X)| Yo enm

7
L (poo XP; X Ls(poo X B;X)

where B, = E** and (ek)k>0 1S the usual Rademacher sequence on
(DM, o), oo = ™,
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Proof. Let f =", exF) and f" = ), exEx(F)). Then if Cyy = A; ®
U(EQ, cee ,Ej) and ng,l = .Aj X 0'(80, tee ,8]‘,1), we have

f= 3 (% —E)(f)

Indeed, B®3 (f) = 377 e, B (Fy,) and E®i-1(f) = 32071 ¢, E;(Fy). Hence
(E®2 — E®i-1)(f) = ,;E;(F}). It follows (see the next remark) that

”f, Ls (oo xP;X) < CS(X)Hf
whence @ O

Ls(poo xXP;X)

Remark 3.3. By an extreme point argument, we have

X) = SUP ”ngdfk

ELEL—

n
sup || Zakdfk’ L
—1<ax<1 =0
Hence we have

sup || Z ardfy

71<ak<1

(X dfi
k=0

Proposition 3.4. Let X be a UMD space. Assume that {x;}ics is
a I-unconditional basic sequence in X. Then for any 1 < s < o0,
any finite sequence of functions (Or)k>0 in Ls(Q,P) and any filtration
Ao C AL C---CA, C--- on (P), we have

H ZEk 9k xzk Z ekxzk

Proof. For any i;’s, consider the sequence (Fj)r>o in Ls(2,P; X) de-
fined by Fj(w) = O(w)x;,. Then Ei(Fy) = Eg(Ok)x;,. By the 1-
unconditionality of {z;};cs, for any fixed choice of signs ¢, € {—1,1}
and w € ), we have

x ‘ Zek ml’“

| S auritu], = | S estwre,
F %
It follows that
5
k
Similarly, we have
E(F) || S Eee
H;Ek k!( k?) Ls(MooX]P%X) ; k:( k).rk

By these equalities, follows from . O

< C(
Q,P;X)

Ls( (QPX)

o)
L (ptoo XP; X) .

Ly(QP;X)

Lo(QF:X)
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Let X be as in Proposition , {z;}icr is a l-unconditional basic
sequence in X. Assume that 0y € L, (€2, [P). By an application of the
contractive inclusions L. (Q,P; X) C Ly(Q,P; X) C L1(Q,P; X), we
have

O || X B,

) < Cs(X)H Zek%‘k

Ly (Q,P;X Loo(P;X)

Hence

(10) S(X;{a}) < Ci(X)

for all 1 < s < 0.

Theorem 3.5. Let E' be a Banach space with a 1-unconditional basis
{e; : i € I}, let F' be another Banach space. By definition, E(F) is
the completion of the algebraic tensor product E ® F' under the norm

defined as follows: if x =) .e; ®x; € E® F, where (x;) is a finite
supported sequence in F', then

lzllpar = || 3 eillzil |

For any fized family of vectors {f; : j € J} in F, consider the family
of vectors {e; ® f; i€ 1,j € J}. Then we have

S(E(F)) = S(B)S(F),
where S(E(F)), S(E) and S(F) are defined with respect to the men-

tioned families of vectors respectively.

Proof. From the definition, for any € > 0, there exist finite number of
distinet indices {iy : 1 <k < Ny} C T and {j, : 1 < n < No} C J,
and there exist functions 0y € Lo(2,P'),1 < k < N; and functions
&n € Loo(Q0,Pp), 1 < n < N satisfying

| Z Oreiy || oo pripy <1
k

and
| ZgnfjnHLoo(Qo,IF’o;F) <1
such that '
|55 0] 2500
and
H ;Ei’m (&) ] P > S(F) —e.
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Let (Q,P) = (@ x QY P @ P§Y), the general element in Q will be
denoted by w = (w’, (w;);>0). Consider the o-algebras Fy,, defined on
(2,P) by

Frn = Ak @ Boo ® -+ ® Bog @B, ® Copy,

~
k—1 times

where Bo, = o(B,, : n > 0) is a og-algebra on (2, Py), By is assumed
to be trivial and €y, is the trivial o-algebra on (€9, Py=""). It
is easy to check that JFy , is a filtration with respect to the lexigraphic
order, i.e. if (k,n) < (kK',n') (that is k < k" or k = k' but n < n’), then
g:k,n - Tk’,n/-

Now let us define h: Q2 — E(F) by

h('LU) ng gn wlc €iy, ® f]n

Let hyn(w) = Ok (w')&(w), then h = 37, hyne;, @ f;,. Clearly, we
have

(11) E%mk,n)(w):{Eﬂkwk)](w')[E%(gn)}(wk) ae..

By the l-unconditionality of {e; : ¢ € I}, for a.e. w € Q, we have

[h(w) By = Zek Nén(wi)ei, @ fj,

E(F)

- ZezkH 291@ Ven(we) fia| H
. Ze%wk T el |
Zeik|9k w') ‘E = H Zeikek(w
- K

Hence ||h|| 1. op;er) < 1. If we denote

IN

> ZE:ffk,n(hkm)eik ® fins

k.n

thenby,
Rz = | 2 e B @I ™ €]
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By Jensen’s inequality, we have

/| 5 a8 00| S o) | | 2 ()
| el 0 B ) 5 ()
- Zezkmﬂkwk |, HZE”B" &) fin
_ éezkﬂiﬂk(&k HZE% &) ]

Note that in the last equality, we used the 1-unconditionality assump-
tion on {e; : i € I'}. By integrating both sides with respect to [ dP’(w’)
we get

v

L1(Q0,Po;F)

L1(Q0,Po; F)

Egjk’n h n)€i j
H; (tn)ein ® Fin L1(QPE(F))

Z H 2 EX(Bh)es, LA PE) H > _E (&S,
k R n

> (S(E) —¢)(S(F) —¢).
Therefore S(E(F)) > (S(E) —¢)(S(F) — ¢). Since € > 0 is arbitrary,

it follows that S(E(F)) > S(E)S(F) as desired. O

Remark 3.6. If E is a Banach lattice which is p-convexr and q-concave
(see [10] for the details) with 1 < p < q < oo and F is a Banach space.
Then the preceding proof is valid with S, ,(E) and S, ,(F) defined using
@ with Ly-norm on the left hand side and Lqy-norm on the right hand
side.

Remark 3.7. Let 1 < p < q < oo. If we define C,,(X) as the
best constant C' in with L,-norm on the left hand side and L,-
norm on the right hand side, it is well-known that X is in the UMD
class if and only if Cy,(X) < co. The preceding argument shows that
under the same assumption of Theorem we have Cy 1(E(F)) >
S(E)Cx1(F). Moreover, if E is p-conver and q-concave we have

Cop(E(F)) = 54p(E)Cqp(F).
Lemma 3.8. Suppose that 1 <p #q<oo. If £} = 61(,2) (622)), then
S(Ey) > c(p,q) > 1.

Proof. Denote by {e?, e}, {e?, e} the canonical basis of £/ and £
respectively . Then {e] ® e, e} @ e, eb @ e b @ ed} is the canonical 1-

L1(Q0,Po; )

unconditional basis of 622) (&(12)). Consider the probability space (D, )
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equipped with the filtration {¢, D} C o(e), where ¢ is the identity
function on D. Define a linear map 7' : Lo(D; Ey) — Li(D; Ey) by
setting
E(a;;)e! @el, if j=1
g p 1 = R K
T[a,](s)el ®e]} { w@F e ifj=2

By definition of S(El) we have S<E1> Z ||T||LOO(D;E1)—>L1(D;E1)- Now for
any a, b two scalar functions on D , consider

1) = €k @ |a(e)el + b(e)es] + b @ [a(—2)ef + b(—e)ed]
Then
(Tfe) =€l ® [E(a)e‘f + b(e)eg} +eb® [E(a)e'f + b(—s)eg]
If p, g are both finite, then for any fixed ¢ € D, we have
1f @)z = {(la(€)|q +[b(e)| P+ (Jal—2)]* + |b(—€)|q)p/q}

— {la()I" + )| + (la(~1)[2 + (1|7 |

1/p

1/p

= 2L a0l + B + (a1l + -y}

= 20 [ (o) + )y duce)

= 27/[(a, D), -

Similarly,

H(Tf)(€)“E1 = 21/pH<ECL> b)HLP(N§‘€t(12))'

It follows that
1F | zioizn) = 2"7][(a,0)|[ ., et
and

ITfllzs iy = 27 ||(Ba, B[], (-

Hence

HTfHLl(D;El) _ H(Ea’b)HLP(#;&(ﬁ))
* ey~ @D,

(12) HTHLOO(D?EI)"LI(D;EI)

Similarly, if ¢ = oo and p is finite, then
1 ey = 22 (@Dl e
and

1T Flleaoimn = 27| (Ba, D)l (-
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If p = oo and ¢ is finite, then || f||z_ (p;e) = H(a’b>”Loo(u;€§2>) and

1T flLy (i) = ||(Ba, b)HLm(M@)). Therefore, holds in full gener-
ality. By Proposition we have

1T Loo(DsEr)~L1(Ds) 2 ([P = (P, )
Hence S(E1) > ¢(p,q) > 1, as announced. O

Remark 3.9. Let (ey)p>0 be the canonical basis of £, = {,(N), then
S(¢,) = 1. Indeed, if (Or)r>0 is a finite sequence of functions, then

H ;Ek(ek)ek‘ ZE’“ e)ex Ly(ty) H
. HZ\Ek or|” leEk @1,
< (Sl - HZ‘M\L .
IZhel
k

Theorem 3.10. Suppose that 1 < p q < oco. Let By = 5;(92)(6512)) and
NE (E,)). Then for any 1 < s < o0,

<

|Ek Qk |p l/p
L

Ll(fp) P

Loo(tp)

define by recursion: E,, 1 = Kj(o (¢
we have

Cs(En) 2 S(Ey) 2 c(p,q)"
where S(E,) is computed with respect to the canonical basis of E,. In

particular, if p # q, then Cs(E,) has at least an exponential growth
with respect to n.

Proof. By Theorem [3.5]
S(Ens1) = S (EP))S(E,).

By Lemma [3.8] we have S(E,11) > c(p,q)S(E,). It follows that
S(E,) > c(p,q)™. Since the canonical basis of F, is l-unconditional,
by.forany1<s<oowehave6’( n) > S(Ey). O

The following simple observation shows that the exponential growth
of Cs(FE,) is optimal.

Proposition 3.11. Suppose 1 < p # q < 0o. Let X be a Banach space.
Define by recursion: Yo = X and Y11 = Ly(T; Ly(T;Y,)). Then for
all 1 < s < 00, there exists x = x(p, q, s), such that

Cs(Yy) < X"Cs(X).
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Proof. We will use the following well-known fact (see e.g. [5,16]) about
UMD constants: for any 1 < r,s < oo, there exist a(r,s) and §(r,s)
such that for all Banach space X,

(13) o(r, 5)C4(X) < C,(X) < B(r, 5)Cs(X).

We will also use the elementary identity Cy(Ls(X)) = Cs(X). Com-
bining these, we have

Cs(Ynr1) = Cs(Lp(Le(Yn))) < B(5,0)Cp(Lp(Lg(Yn)))
= B(s,0)Cp(Lg(Yn)) < B(s,p)B(p, 4)Cy(Lg(Yr))
= 0(s,p)B(p,0)Co(Yn) < B(s,p)B(p; 0)B(gq, $)Cs(Yz)-
Let x = B(s,p)B(p, 4)B(q, ), then Cs(E,) < x"Cs(X). O
Remark 3.12. Fven if one of p, q is infinite or equals to 1, then since
dim(E,) = 4", we have Cs(E,) < v/dim E,, = 2". Indeed, the Banach-
Mazur distance between E,, and ZgimE” is < +/dim E, (cf. e.g.[14]).

4. ANALYTIC UMD CONSTANTS

The main idea in §3| can be easily adapted for treating the analytic
UMD property. In this section, all spaces are over C.

Denote the general element in TV be z = (2,),>0 and let my, = m®"
be the Haar measure on TV. Recall the canonical filtration on (TY, m.,)
defined by

0(20) Co(z0,21) C -+ C (20,21, ,2n) C -+ .

From now on, we will denote §,, = (29, 21, - , 2,). Recall that H,(TV)
is the subspace of L,(TY, m,) consisting of limit values of Hardy mar-
tingales, i.e. f € Hy(TY) if and only if f € L,(TN, my) and the asso-
ciated martingale (E%" f),>o is a Hardy martingale. For convenience,
we always assume zg = 1 such that Gy is a trivial o-algebra.

Definition 4.1. Let X be a Banach space and let {z;};c; be a family of
vectors in X. The number S(X; {x;}) is defined to be the best constant

C such that for any N € N and any finite sequence of functions (0)h_,
in Hoo(TY), we have

ES (6))7: < || > e,
H; ( ]f)xk L (maiX) — g kZLi,

If there does not ezist such constant, we set S*(X;{z;}) = 0.

If {x;} is clear from the context, then S*(X;{x;}) will be simplified
as S4X).

The Stein type inequality still holds in this setting, more precisely,
we have

Loo(Mmoo; X)
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Proposition 4.2. Let X be an AUMD space. For any 1 < s < 0o, let
(Fy)r>o0 be an arbitrary finite sequence in H,(TY; X). Then we have

1) | X aEEE)|, < )| X ahe)

Ls(X

LX)

where ¢ = (Cx)k>0 15 an independent copy of z = (zk)k>0 and Lg(X) =
L(TY x T?,moo X Meoo; X).

Proof. Consider the filtration on TEIXT? defined by By; = o (20, -+ , 2;)®
o(Co, -+, ¢) and Boyj 1 = o(20,- -+ ,25) @ 0(Co,+++,Cj-1). Then f =
>« CFi(2) is a Hardy martingale with respect to the above filtration.
Let f/ = >, GE%(Fy). Then we have f' = Zj(E%QJ' — EP2-1)(f).
It follows (see Remark that || f'llz.cx) < CHX)|f|lL.(x), whence
™). O

Proposition 4.3. Let X be an AUMD space. Assume that {x;}ics is
a I-unconditional basic sequence in X. Then for any 1 < s < oo and
any finite sequence of functions (Ox)x>o in H(TY),

| S B (00)a, < )| 3 tur,
k k

Ls(moo; X Ls(moo;X)‘
Proof. Tt follows verbatim the proof of Proposition [3.4] O

Let X be as in Proposition 1.3} {z;} is a l-unconditional basic se-
quence in X. Then for all 1 < s < 0o, we have

E% (0,)z; < XH Ot
D e ol PO

Hence

Loo(moo; X)

SHX;{zi}) < CY(X)
forall 1 <s < 0.

Theorem 4.4. Let E be a Banach space with a 1-unconditional basis
{e; : i € I}, let F be another Banach space. Let E(F) be defined as
in Theorem (3.8, For any fized family of vectors {f; : j € J} in F,
consider the family of vectors {e;® f; i € 1,5 € J} in E(F), then we
have

SUE(F)) = S*(E)S*(F),

where S*(E(F)), S*“(E) and S®*(F) are defined with respect to the men-
tioned families of vectors respectively.
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Proof. The proof is similar to the proof of Theorem We mention
the slight difference concerning the filtration. Consider the infinite
tensor product Lo (TY) @ Loo(TY) @ -+, define

2 =10 - Q1R @1®---ifn>1
7 k  times
and
20 =2, R1R@1®@---.

Then the filtration defined by I}, := o (z; : j < (k,n)) is an analytic
filtration, where the order on N x N is the lexigraphic order as defined
in the proof of Theorem This filtration plays the role similar to
that of (Fy.» )k in the proof of Theorem . Note that we may restrict
to the functions 0y, &, depending only on finitely many variables. Thus
only a finite subset of N x N is used. 0

The following lemma requires slightly more efforts than Lemma [3.8]

Lemma 4.5. Suppose that 1 <p # q < oo. If E; = 61572) (f((f)), then
S*(Ev) = k(p,q) > 1.
Proof. We will use the notations in the proof of Lemma |3.8, Define a
linear map U : Hoo(T, m; Ey) — Hy(T, m; E1) by
E(a;;)e? @ el, if j =1

.. p |l _ LV} VE
If C = |U||fo(E1)—Hi(E)), then S*(E;) > C. By definition, for any
a, b, ¢, d functions in H..(T), we have

5) [ {0t B+ (Bl + )y} )

1/p

< Csup {(Ja(=)|" + [b(2)[)7/ + (le(=)|" + (=)}
z€T

Note that if a, ¢ are outer functions, then by (), we have [Ea| = M (|a|)

and |Ec| = M(|c|). So for any functions a,b,c,d € Hy(T) such that

a, c are outer, we have

(16) A&MWW+M@MM+MM®M«WWW%WMW>

1/p

< Csup {(la(2)I" + ()| + (le(=) |7 + d(=) 1)/}
zeT

By the classical Szegd’s condition, if a’, ¥/, ¢/, d" are functions in L. (T)

which are bounded from below, then there are outer functions a, b, ¢, d €

Ho(T), such that |a'| = |a|, [t'| = |b],|c| = |¢|,|d| = |d| a.e.. Hence
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still holds for any 2-valued non-vanishing functions a,b,c,d €
L+ (T) (note that for a function taking only two values, non-vanishing
is the same as bounded from below). By approximation, we can further
relax the non-vanishing condition on b, d. Now consider any measurable
partition T = AUB, such that m(A) = m(B) = 3. If a = uxa + vxas,
c=uvxa+uxs, b =wxa+txp and d = tya + wxp, then it is easy to
check that for all z € T, we have

{(|a(2)|q +1b(2)| )P+ (e(z)]" + |d(z)|q)p/q}1/p
O (L A )

1/
21/p{/(|a|q+|b|q)p/qdm} p.
T

Similarly for all z € T, we have
1/p
{(M(al)? + [b(2)|1)/ + (M(Jel) + (2|7}

= 21/p{/T(M(|a|)q—|—|b|q)p/qdm}1/p.

Substituting these equalities to ((16)), we get

{ [atqap+ piryrmam}”™ < cf [ ol nyream}

By Proposition , we have C' > k(p, ¢). This completes the proof. [

1/p

Theorem 4.6. Suppose that 1 < p # q < co. If E,,’s are defined as in
Theorem [3.10, then for any 1 < s < oo, we have

Ci(En) = S*(Ey) = k(p,q)".
Moreover, if 1 < p,q < 00, then there exists ko = ka(p, q,s), such that
Cs(Ep) < Ky

Proof. The first part of proof is identical to the proof of Theorem [3.10}
The second part follows from the fact that C?(E,) < C(FE,) and
0

Proposition [3.11]
5. CONSTRUCTION AND FURTHER DISCUSSIONS

For the sake of clearness, we introduce the family X, (p, q), which is
defined as follows: Let Xy(p,q) = R, and define by recursion that

Xns1(p, @) = Ly(D, 15 Ly(D, s Xa(p, 9)))-
In the complex case, X< (p, ) is defined similarly.
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Obviously, X,,(p, ¢) is isometric to E,, defined in the previous sections
using p,q. Our main purpose for introducing X,’s is the existence of
canonical isometric inclusion X, (p,q) C X,11(p,q). By these inclu-
sions, the union U, X, (p, q) is a normed space and its completion will
be denoted by X(p, q). We have

X(p,q) == UnXn(p, q) >~ lim X, (p, q),

where the last term is the inductive limit of X,,(p, ¢)’s associated to the
canonical inclusions. In the complex case, X(p, ) is defined similarly.

Remark 5.1. If 1 < p = ¢ < oo, then X(p,p) is the real space
LE (DN, u®N) and X®(p,p) is the complex space LL.(DN, u®V).

We have the following complex interpolation result.

Proposition 5.2. Let 1 < pg,p1,q0,¢1 < o0 and 0 < 6§ < 1. Then we
have the following isometric isomorphism:

X(C(pe’ q@) = [Xc(pm qO)a X(C(pla q1)]9a

16, 1-6 1_ 6 ,1-6
with = = =4+ = and = = = 4+ =—=.
P o T o T o T o

Proof. Note that X (p, q) is a Banach lattice of functions on (DN, u®N).
Clearly, X (p, q) is min(p, ¢)-convex and max(p, ¢)-concave in the sense
of §1.d in [10], and hence by Theorem 1.f.1 (p. 80) and Proposition 1.e.3
(p.61) in [I0] it is reflexive. Then the above result is a particular case
of a classical formula going back to Calderdn ([§], p. 125). O

Recall that a Banach space X over the complex field is 6-Hilbertian
(0 < 0 < 1) if there exists an interpolation pair (X, X;) of Banach
spaces such that X is isometric with [Xy, Xi]g and X; is a Hilbert
space.

Corollary 5.3. Let 1 < p # q < co. Then X(p,q) is non-UMD and
XC(p,q) is non-AUMD. Moreover, there exists 0 < 0 < 1 such that
XC(p,q) is O-Hilbertian. In particular, X(p,q) and a fortiori X (p,q)
is super-reflexive.

Proof. Tt follows easily from Theoremand Theoremthat X(p,q)
is non-UMD and X©(p, ¢) is non-AUMD.
For 0 < # < 1 small enough, such that max(%, %) <1, we
can find 1 < p, ¢ < oo satisfying the equalities:
1 66 1-0 1 6 1-6

p 2 P g 2 g
By Proposition [5.2, we have

Xp,q) = [X“(5,7), X“(2,2)]o.
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Since X©(2,2) = LZ(DN, u®Y) is Hilbertian, X(p, q) is 6-Hilbertian.
The super-reflexivity of X(p, q) follows from the well-known fact that
any 0-Hilbertian space is super-reflexive for § > 0 (cf.[12]). O

Remark 5.4. Let 1 <p # g < oo. Forany0 <n <1, let p%] = 1—;’Z+Z
and é = I_T" + ]ﬂ?. By Proposition we have

X(py, @) = [X®(p, @), X (¢, p)]-

Note that in this interpolation scale, there is only one UMD space cor-
responding to n = %

For futher discussions, let us now turn to the non-atomic case and
modify slightly the definitions. For any 1 < p,q < oo, consider the
family of spaces Z, = Z,(p,q) defined by recursion: 7, = C and
Zns1 = Zn(Ly(T,m; Ly(T,m)). From the definition, we have

Zn(p,q) C Zpsa(p,q).
Thus we can define
Z(p,q) = 1im Z,(p, q)-

To avoid ambiguity, let us emphasize the inclusions Z,(p, q¢) C Z,+1(p, q)
used to define the inductive limit. For simplicity of notations, we will
write Ly, Ly, = Ly, (Lp, ), Lp, Lp, Lp, = Ly, (Lp,(Lp,)), ete. With these
notations, one can easily see the difference between X,, and Z,, as fol-
lows:

Xop1 = Ly(Lg(Xn)) = LyLg LyLy - -+ LyLy,
—_—
Xn

where L, = L,(D, ) and L, = L,(D, 1) are two dimensional. And
Zp+1 = Zn(Ly(Ly)) = LyLy- - LyLy L, Ly,
——_— ——
Zn
where L, = L,(T,m) and L, = L (T, m).

Remark 5.5. The main purpose of introducing the spaces Z,(p,q) is
that we have lattice isometric isomorphisms L,(Z,(p,q)) ~ Z,(p,q) for
all n and moreover, these isomorphisms are compatible with the inclu-
sion of Zn(p,q) C Zny1(p,q) (the word “compatible” will be explained
by a commutative diagram in the sequel) and this will be used to show
some additional properties for Z(p,q). The family of X, (p,q)’s shares
the property of having lattice isometric isomorphisms Ly(X,(p,q)) ~
Xn(p,q) for all n, but the isomorphisms are not compatible with the
inclusions X, (p,q) C Xn+1(p, q).
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The Z(p,q)’s are Banach lattices of functions on the infinite torus
TN, they have the following properties.

Proposition 5.6. Let 1 < p,q < oo. We have isomorphisms
Z(p,q) ~ Z(q,p)

and

Lp(Z(p,q)) =~ Ly(Z(p, q))-
If p # q, then Z(p,q) does not have unconditional basis.
Proof. Since L,(T) and L,(T x T) are isometric as Banach lattices, we

have isometric isomorphisms which are compatible with the inclusions
Zyn C Zpt1, that is we have the commutative diagram

Zn(pv Q)

isometric J/E ﬁl isometric

Ly(Zn(p,q)) Ly(Zni1(p,q))-

By taking Banach space inductive limit, we have
Z(p.q9) —— Ly(Z(p,9))-
If p # q, then Z(p, q) and hence L,(Z(p,q)) is non-UMD. By a result
of D.J. Aldous (see [I], Proposition 4), Z(p,q) has no unconditional
basis.
It is easy to see that Z(p, q) and Z(q, p) complementably embed into

inclusion

Zn+1 (p7 Q)

inclusion

each other. Since 61(32)(Lp) = L, as Banach lattices, we have

(2(Ly(Z(p,0)) = Lp(Z(p, q))-

Moreover, since L,(Z(p,q)) = Z(p, q), the above isometry implies that
as Banach space Z(p,q) = Z(p,q) ® Z(p,q). Similarly, Z(q,p) =
Z(q,p) ® Z(q,p). By the classical Pelcynski decomposition method,
we have Z(p,q) ~ Z(q,p). Hence

L,(Z(p,q)) = Z(p,q) =~ Z(q,p) = Ly(Z(q,p)) ~ Lo(Z(p,q))-
O

Let (pi)i>1 be a sequence of real numbers such that 1 < p; < oc.
Define

X[(]%)] = IE} Lpn T Lp2Lp1

and
Z[(p,)] = hi)n Ly Ly, -+ Ly,.
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Problem. Under which condition is X|(p;)] or Z|[(p;)] in the UMD
class ¢

We have the following observations on the necessary condition:

(i) A trivial necessary condition is that there exist 1 < pg, poo < 00,
such that py < p; < poo for all @ > 1.

(i) If the above condition is satisfied, then the sequence (p;) has at
least one cluster point 1 < p < co. Then a necessary condition
is that the sequence has only one cluster point, i.e. lim; .., p; =
p. Indeed, assume that the sequence (p;) has two cluster points
1 < p # q < o0, so that there exist two subsequences of (p;)
which tend to p, ¢ respectively. Then one can easily show that
by Theorem [3.10] both X [(p;)] and Z[(p;)] are non-UMD (they
are in fact non-AUMD).

(iii) Now the speed of convergence of (p;) will play a role. Since
o (@(;z)(- . (Kﬁ)) --+)) embeds isometrically into L, Ly, - - L,,.
A necessary condition for Z[(p;)] to be UMD is [ [, ¢(pai, pait1) <
oo. Similarly, it is necessary that [[; ¢(poit1, paite) < co. Com-
bining these, a necessary condition for Z[(p;)] to be in the UMD
class is

H c(pi; pi+1) < 00.

The same statement remains true for X[(p;)]. Note that by (4],
c(pi, piv1) > Lif p; # pis1.

Intuitively, if p; tends to p sufficiently fast, then both X|[(p;)] and
Z[(p:)] are in the UMD class. The author obtained some partial results
in this direction, which will be treated elsewhere.

Remark 5.7. Let 1 < p < q < co. We have the following Banach
lattices isometries

Ly,L, = Ly,L,L,, LyL,=L,L,L,.

Since L,L,L, is an interpolation space between L,L,L, and L,L,L,
for any p <r <gq, the UMD, constant of L,L,L, is actually the same
as that of L,(L,). The same argument shows that L,L,L,L,L, has
the same UMD; constant with L,L,, provided p < u < r < v < gq.
More generally, if (p;)%, is a finite sequence, assume that (p;)\_, is
consecutive monotone (non-increasing or non-decreasing) subsequence,
then Ly, -+ Ly, -+ Ly --- Ly, and Ly, --- Ly Ly, --- L, have the same

UMDy constant for all 1 < s < c0.
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Our results have some applications in the non-commutative setting,
i.e. on the operator space UMD property, which will appear in a future
publication.
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