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Boyd’s theorem: a second look
Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f ∈ Lp(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp(R+) (v > 0).

Sjoerd Dirksen Noncommutative Boyd interpolation theorems



tud02enlogobl − zwzw

Outline
History of Boyd’s interpolation theorem

Boyd’s theorem: a second look
Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f ∈ Lp(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp(R+) (v > 0).

Here d(v ; g) = λ(t ∈ R+ : |g(t)| > v) denotes the distribution
function of a measurable function g .
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Interpolation of probabilistic inequalities

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f ∈ Lp(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp(R+) (v > 0).

Here d(v ; g) = λ(t ∈ R+ : |g(t)| > v) denotes the distribution
function of a measurable function g . Equivalently,

‖Tf ‖Lp,∞(R+) ≤ C‖f ‖Lp(R+),

where
‖g‖Lp,∞(R+) = sup

v>0
v d(v ; g)

1
p .
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Interpolation of probabilistic inequalities

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f ∈ Lp(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp(R+) (v > 0).

Here d(v ; g) = λ(t ∈ R+ : |g(t)| > v) denotes the distribution
function of a measurable function g . Equivalently,

‖Tf ‖Lp,∞(R+) ≤ C‖f ‖Lp(R+),

where
‖g‖Lp,∞(R+) = sup

v>0
v d(v ; g)

1
p .

Example: if (En)n≥1 is a sequence of conditional expectations,
then Tf = supn≥1 |En(f )| is of M-weak types (1, 1) and (∞,∞).
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Interpolation of probabilistic inequalities

Theorem

(Marcinkiewicz ’39) Let 1 ≤ p < q ≤ ∞. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on Lr (R+), for
any p < r < q.
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Interpolation of probabilistic inequalities

Theorem

(Marcinkiewicz ’39) Let 1 ≤ p < q ≤ ∞. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on Lr (R+), for
any p < r < q.

Full proof was published years after Marcinkiewicz’ death by
Zygmund (’56).
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Interpolation of probabilistic inequalities

Theorem

(Marcinkiewicz ’39) Let 1 ≤ p < q ≤ ∞. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on Lr (R+), for
any p < r < q.

Full proof was published years after Marcinkiewicz’ death by
Zygmund (’56).
Example: if (En)n≥1 is a sequence of conditional expectations,
then for all 1 < p ≤ ∞

‖ sup
n≥1

|En(f )|‖Lp .p ‖f ‖Lp .
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Boyd’s theorem: a second look
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Interpolation of probabilistic inequalities

T is said to be of weak type (p, p) if for any f in the Lorentz space
Lp,1(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp,1(R+).
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Interpolation of probabilistic inequalities

T is said to be of weak type (p, p) if for any f in the Lorentz space
Lp,1(R+),

d(v ;Tf )
1
p ≤ Cv−1‖f ‖Lp,1(R+).

Theorem

(Stein & Weiss ’59) Let 1 ≤ p < q ≤ ∞. If T is of weak types
(p, p) and (q, q), then T is bounded on Lr (R+), for any p < r < q.
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Interpolation of probabilistic inequalities

For a measurable function f we denote by µ(f ) the decreasing
rearrangement of f ,
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Interpolation of probabilistic inequalities

For a measurable function f we denote by µ(f ) the decreasing
rearrangement of f ,

µt(f ) = inf{v > 0 : d(v ; f ) ≤ t} (t ≥ 0).
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Interpolation of probabilistic inequalities

For a measurable function f we denote by µ(f ) the decreasing
rearrangement of f ,

µt(f ) = inf{v > 0 : d(v ; f ) ≤ t} (t ≥ 0).

For 0 < p < q <∞ define Calderón’s operator by

Sp,qf (t) = t
− 1

p

∫ t

0
s

1
p f (s)

ds

s
+ t

− 1
q

∫ ∞

t

s
1
q f (s)

ds

s
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Interpolation of probabilistic inequalities

For a measurable function f we denote by µ(f ) the decreasing
rearrangement of f ,

µt(f ) = inf{v > 0 : d(v ; f ) ≤ t} (t ≥ 0).

For 0 < p < q <∞ define Calderón’s operator by

Sp,qf (t) = t
− 1

p

∫ t

0
s

1
p f (s)

ds

s
+ t

− 1
q

∫ ∞

t

s
1
q f (s)

ds

s

and set

Sp,∞f (t) = t
− 1

p

∫ t

0
s

1
p f (s)

ds

s
(t > 0, f ∈ S(R+)).
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Interpolation of probabilistic inequalities

For a measurable function f we denote by µ(f ) the decreasing
rearrangement of f ,

µt(f ) = inf{v > 0 : d(v ; f ) ≤ t} (t ≥ 0).

For 0 < p < q <∞ define Calderón’s operator by

Sp,qf (t) = t
− 1

p

∫ t

0
s

1
p f (s)

ds

s
+ t

− 1
q

∫ ∞

t

s
1
q f (s)

ds

s

and set

Sp,∞f (t) = t
− 1

p

∫ t

0
s

1
p f (s)

ds

s
(t > 0, f ∈ S(R+)).

Theorem

(Calderón, ’66) T is of weak types (p, p) and (q, q) if and only if

µt(Tf ) .p,q

(

Sp,qµ(f )
)

(t) (t > 0).
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A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if
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Interpolation of probabilistic inequalities

A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if

f ∈ S(R+), g ∈ E , µ(f ) ≤ µ(g) ⇒ f ∈ E and ‖f ‖E ≤ ‖g‖E .
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A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if

f ∈ S(R+), g ∈ E , µ(f ) ≤ µ(g) ⇒ f ∈ E and ‖f ‖E ≤ ‖g‖E .

Examples: Lp-spaces, Lorentz spaces, Orlicz spaces,...
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Interpolation of probabilistic inequalities

A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if

f ∈ S(R+), g ∈ E , µ(f ) ≤ µ(g) ⇒ f ∈ E and ‖f ‖E ≤ ‖g‖E .

Examples: Lp-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a <∞ we define the dilation operator Da on S(R+)
by

(Daf )(s) = f (as) (s ∈ R+).
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A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if

f ∈ S(R+), g ∈ E , µ(f ) ≤ µ(g) ⇒ f ∈ E and ‖f ‖E ≤ ‖g‖E .

Examples: Lp-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a <∞ we define the dilation operator Da on S(R+)
by

(Daf )(s) = f (as) (s ∈ R+).

If E is a symmetric space, then its Boyd indices are given by
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Interpolation of probabilistic inequalities

A normed linear subspace E of S(R+) is called a symmetric
Banach function space on R+ if it is complete and if

f ∈ S(R+), g ∈ E , µ(f ) ≤ µ(g) ⇒ f ∈ E and ‖f ‖E ≤ ‖g‖E .

Examples: Lp-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a <∞ we define the dilation operator Da on S(R+)
by

(Daf )(s) = f (as) (s ∈ R+).

If E is a symmetric space, then its Boyd indices are given by

pE := lim
s→∞

log s

log ‖D1/s‖
, qE := lim

s↓0

log s

log ‖D1/s‖
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Interpolation of probabilistic inequalities

Theorem

(Boyd, ’69) Let E be a symmetric Banach function space on R+.
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Interpolation of probabilistic inequalities

Theorem

(Boyd, ’69) Let E be a symmetric Banach function space on R+.

1 If 0 < p < q <∞, then Sp,q is bounded on E if and only if
p < pE ≤ qE < q.
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Interpolation of probabilistic inequalities

Theorem

(Boyd, ’69) Let E be a symmetric Banach function space on R+.

1 If 0 < p < q <∞, then Sp,q is bounded on E if and only if
p < pE ≤ qE < q.

2 If 0 < p <∞, then Sp,∞ is bounded on E if and only if
p < pE .
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Interpolation of probabilistic inequalities

Theorem

(Boyd, ’69) Let E be a symmetric Banach function space on R+.

1 If 0 < p < q <∞, then Sp,q is bounded on E if and only if
p < pE ≤ qE < q.

2 If 0 < p <∞, then Sp,∞ is bounded on E if and only if
p < pE .

As a consequence, all sublinear operators of weak types (p, p) and
(q, q) are bounded on E if and only if p < pE ≤ qE < q.
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Interpolation of probabilistic inequalities

Theorem

(Boyd, ’69) Let E be a symmetric Banach function space on R+.

1 If 0 < p < q <∞, then Sp,q is bounded on E if and only if
p < pE ≤ qE < q.

2 If 0 < p <∞, then Sp,∞ is bounded on E if and only if
p < pE .

As a consequence, all sublinear operators of weak types (p, p) and
(q, q) are bounded on E if and only if p < pE ≤ qE < q.

The last implication ‘⇐’ is Boyd’s interpolation theorem.
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Interpolation of probabilistic inequalities

For 0 < p, q ≤ ∞ define the functions φq, ψp, θp,q : R+ → R+

Sjoerd Dirksen Noncommutative Boyd interpolation theorems



tud02enlogobl − zwzw

Outline
History of Boyd’s interpolation theorem

Boyd’s theorem: a second look
Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

For 0 < p, q ≤ ∞ define the functions φq, ψp, θp,q : R+ → R+

φq(t) = t
− 1

qχ(0,1)(t)

ψp(t) = t
− 1

pχ(1,∞)(t)

θp,q(t) = ψp(t) + φq(t).
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Interpolation of probabilistic inequalities

For 0 < p, q ≤ ∞ define the functions φq, ψp, θp,q : R+ → R+

φq(t) = t
− 1

qχ(0,1)(t)

ψp(t) = t
− 1

pχ(1,∞)(t)

θp,q(t) = ψp(t) + φq(t).

Here φ∞ = χ(0,1). Corresponding to these functions we define

three linear operators Φq,Ψp,Θp,q : S(R+) → S̃(R+ × R+) by
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Interpolation of probabilistic inequalities

For 0 < p, q ≤ ∞ define the functions φq, ψp, θp,q : R+ → R+

φq(t) = t
− 1

qχ(0,1)(t)

ψp(t) = t
− 1

pχ(1,∞)(t)

θp,q(t) = ψp(t) + φq(t).

Here φ∞ = χ(0,1). Corresponding to these functions we define

three linear operators Φq,Ψp,Θp,q : S(R+) → S̃(R+ × R+) by

Φq(f ) = f ⊗ φq, Ψp(f ) = f ⊗ ψp, Θp,q(f ) = f ⊗ θp,q.
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Interpolation of probabilistic inequalities

Lemma

Let E be a symmetric space on R+ and let 0 < p, q <∞.
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Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

Lemma

Let E be a symmetric space on R+ and let 0 < p, q <∞.

1 If qE < q, then Φq is bounded from E (R+) into E (R+ ×R+).
Conversely, if Φq is bounded then qE ≤ q.
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Interpolation of probabilistic inequalities

Lemma

Let E be a symmetric space on R+ and let 0 < p, q <∞.

1 If qE < q, then Φq is bounded from E (R+) into E (R+ ×R+).
Conversely, if Φq is bounded then qE ≤ q.

2 If p < pE , then Ψp is bounded from E (R+) into E (R+ ×R+).
Conversely, if Ψp is bounded then p ≤ pE .
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Interpolation of probabilistic inequalities

Lemma

Let E be a symmetric space on R+ and let 0 < p, q <∞.

1 If qE < q, then Φq is bounded from E (R+) into E (R+ ×R+).
Conversely, if Φq is bounded then qE ≤ q.

2 If p < pE , then Ψp is bounded from E (R+) into E (R+ ×R+).
Conversely, if Ψp is bounded then p ≤ pE .

3 If p < pE ≤ qE < q, then Θp,q is bounded from E (R+) into
E (R+ × R+). Conversely, if Θp,q is bounded, then
p ≤ pE ≤ qE ≤ q.
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Interpolation of probabilistic inequalities

Lemma

Let E be a symmetric space on R+ and let 0 < p, q <∞.

1 If qE < q, then Φq is bounded from E (R+) into E (R+ ×R+).
Conversely, if Φq is bounded then qE ≤ q.

2 If p < pE , then Ψp is bounded from E (R+) into E (R+ ×R+).
Conversely, if Ψp is bounded then p ≤ pE .

3 If p < pE ≤ qE < q, then Θp,q is bounded from E (R+) into
E (R+ × R+). Conversely, if Θp,q is bounded, then
p ≤ pE ≤ qE ≤ q.

This lemma implies a novel expression for Boyd’s indices:

pE = sup
{

p > 0 : ∃C > 0 ∀f ∈ E ‖Ψp(f )‖E(R+×R+) ≤ C‖f ‖E(R+)

}

qE = inf
{

q > 0 : ∃C > 0 ∀f ∈ E ‖Φq(f )‖E(R+×R+) ≤ C‖f ‖E(R+)

}

.
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Interpolation of probabilistic inequalities

Theorem

Let 0 < p ≤ q ≤ ∞. A sublinear operator T is of Marcinkiewicz
weak types (p, p) and (q, q), i.e.,

‖Tf ‖Lr,∞(R+) ≤ Cr‖f ‖Lr (R+) (f ∈ Lr (R+)+, r = p, q)
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Interpolation of probabilistic inequalities

Theorem

Let 0 < p ≤ q ≤ ∞. A sublinear operator T is of Marcinkiewicz
weak types (p, p) and (q, q), i.e.,

‖Tf ‖Lr,∞(R+) ≤ Cr‖f ‖Lr (R+) (f ∈ Lr (R+)+, r = p, q)

if and only if there is some α > 0 such that for all f ∈ S(R+),

d(αv ;Tf ) ≤ d(v ; Θp,q(f )) (v > 0).
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Interpolation of probabilistic inequalities

Proof.

‘⇒’: Fix v > 0. If Cp,q = max{Cp,Cq}, then by sublinearity,
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Interpolation of probabilistic inequalities

Proof.

‘⇒’: Fix v > 0. If Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tf ) ≤ d(Cp,qv ;T (f χ{f≤v})) + d(Cp,qv ;T (f χ{f>v})).
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Interpolation of probabilistic inequalities

Proof.

‘⇒’: Fix v > 0. If Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tf ) ≤ d(Cp,qv ;T (f χ{f≤v})) + d(Cp,qv ;T (f χ{f>v})).

Apply the weak type inequalities to find,
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Interpolation of probabilistic inequalities

Proof.

‘⇒’: Fix v > 0. If Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tf ) ≤ d(Cp,qv ;T (f χ{f≤v})) + d(Cp,qv ;T (f χ{f>v})).

Apply the weak type inequalities to find,

d(2Cp,qv ;Tf )

≤ (Cp,qv)
−qCq

q ‖f χ{f≤v}‖
q

Lq(R+)
+ (Cp,qv)

−pCp
p ‖f χ{f>v}‖

p

Lp(R+)

≤ v−q‖f χ{f≤v}‖
q

Lq(R+)
+ v−p‖f χ{f>v}‖

p

Lp(R+)

= d(v ; Θp,qf ).
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Interpolation of probabilistic inequalities

This characterization implies Boyd’s theorem for Marcinkiewicz
weak type operators.

Corollary

If T is of Marcinkiewicz weak types (p, p) and (q, q) and either
p < pE ≤ qE < q <∞ or p < pE and q = ∞, then

‖Tf ‖E ≤ 2‖Θp,q‖E→E max{Cp,Cq}‖f ‖E .
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Interpolation of probabilistic inequalities

This characterization implies Boyd’s theorem for Marcinkiewicz
weak type operators.

Corollary

If T is of Marcinkiewicz weak types (p, p) and (q, q) and either
p < pE ≤ qE < q <∞ or p < pE and q = ∞, then

‖Tf ‖E ≤ 2‖Θp,q‖E→E max{Cp,Cq}‖f ‖E .

If 0 < p < r < q <∞, then

‖Θp,q‖Lr→Lr =
( p

r − p
+

q

q − r

)
1
r
.
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Interpolation of probabilistic inequalities

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace τ .
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Interpolation of probabilistic inequalities

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace τ .
The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by
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Interpolation of probabilistic inequalities

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace τ .
The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by

d(v ; x) = τ(e |x |(v ,∞)) (v ≥ 0),

where e |x | is the spectral measure of |x |.
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Interpolation of probabilistic inequalities

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace τ .
The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by

d(v ; x) = τ(e |x |(v ,∞)) (v ≥ 0),

where e |x | is the spectral measure of |x |.The decreasing
rearrangement of x is defined by

µt(x) = inf{v > 0 : d(v ; x) ≤ t} (t ≥ 0).

We say that x is τ -measurable if d(v ; x) <∞ for some v > 0.
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Interpolation of probabilistic inequalities

We let S(τ) be the linear space of all τ -measurable operators,
S(τ)+ its positive cone.
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Interpolation of probabilistic inequalities

We let S(τ) be the linear space of all τ -measurable operators,
S(τ)+ its positive cone. For a symmetric Banach function space E
on R+, define
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Interpolation of probabilistic inequalities

We let S(τ) be the linear space of all τ -measurable operators,
S(τ)+ its positive cone. For a symmetric Banach function space E
on R+, define

E (M, τ) := {x ∈ S(τ) : ‖µ(x)‖E <∞}.

Theorem

(Kalton & Sukochev ’08) E (M) defines a Banach space under the
norm ‖x‖E(M) := ‖µ(x)‖E .
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Interpolation of probabilistic inequalities

We let S(τ) be the linear space of all τ -measurable operators,
S(τ)+ its positive cone. For a symmetric Banach function space E
on R+, define

E (M, τ) := {x ∈ S(τ) : ‖µ(x)‖E <∞}.

Theorem

(Kalton & Sukochev ’08) E (M) defines a Banach space under the
norm ‖x‖E(M) := ‖µ(x)‖E .

Earlier results: Xu (’91), Dodds, Dodds & de Pagter (’91).
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Interpolation of probabilistic inequalities

Theorem

Suppose that 0 < p < q ≤ ∞ and let
T : Lp(M)+ + Lq(M)+ → S(τ)+ be a sublinear map such that
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Interpolation of probabilistic inequalities

Theorem

Suppose that 0 < p < q ≤ ∞ and let
T : Lp(M)+ + Lq(M)+ → S(τ)+ be a sublinear map such that

‖Tx‖Lr,∞(M) ≤ Cr‖x‖Lr (M) (x ∈ Lr (M)+, r = p, q).
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Interpolation of probabilistic inequalities

Theorem

Suppose that 0 < p < q ≤ ∞ and let
T : Lp(M)+ + Lq(M)+ → S(τ)+ be a sublinear map such that

‖Tx‖Lr,∞(M) ≤ Cr‖x‖Lr (M) (x ∈ Lr (M)+, r = p, q).

If p < pE ≤ qE < q <∞ or p < pE and q = ∞, then

‖Tx‖E(M) ≤ 2‖Θp,q‖max{Cp,Cq} ‖x‖E(M) (x ∈ E (M)+).
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Interpolation of probabilistic inequalities

Proof.

Fix v > 0. Let x ∈ E (M)+ and let ev = ex [0, v ]. If
Cp,q = max{Cp,Cq}, then by sublinearity,
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Interpolation of probabilistic inequalities

Proof.

Fix v > 0. Let x ∈ E (M)+ and let ev = ex [0, v ]. If
Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tx) ≤ d(Cp,qv ;T (xev )) + d(Cp,qv ;T (xe⊥v )).
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Interpolation of probabilistic inequalities

Proof.

Fix v > 0. Let x ∈ E (M)+ and let ev = ex [0, v ]. If
Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tx) ≤ d(Cp,qv ;T (xev )) + d(Cp,qv ;T (xe⊥v )).

Apply the weak type inequalities to find,
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Interpolation of probabilistic inequalities

Proof.

Fix v > 0. Let x ∈ E (M)+ and let ev = ex [0, v ]. If
Cp,q = max{Cp,Cq}, then by sublinearity,

d(2Cp,qv ;Tx) ≤ d(Cp,qv ;T (xev )) + d(Cp,qv ;T (xe⊥v )).

Apply the weak type inequalities to find,

d(2Cp,qv ;Tx)

≤ (Cp,qv)
−qCq

q ‖xev‖
q

Lq(M) + (Cp,qv)
−pCp

p ‖xe
⊥
v ‖p

Lp(M)

≤ v−q

∫

{µ(x)≤v}
µt(x)

qdt + v−p

∫

{µ(x)>v}
µt(x)

pdt

= d(v ; Θp,qµ(x)).
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

Lr,∞(M)
≤ Cr

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

Lr (M)
(xk ∈ Lr (M)+).
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

Lr,∞(M)
≤ Cr

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

Lr (M)
(xk ∈ Lr (M)+).

If p < pE ≤ qE < q <∞ or p < pE and q = ∞, then for any
sequence (xk)k≥1 in E (M)+,
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

Lr,∞(M)
≤ Cr

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

Lr (M)
(xk ∈ Lr (M)+).

If p < pE ≤ qE < q <∞ or p < pE and q = ∞, then for any
sequence (xk)k≥1 in E (M)+,

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

E(M)
≤ 4‖Θp,q‖ max{Cp,Cq}

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
.
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

Lr,∞(M)
≤ Cr

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

Lr (M)
(xk ∈ Lr (M)+).

If p < pE ≤ qE < q <∞ or p < pE and q = ∞, then for any
sequence (xk)k≥1 in E (M)+,

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

E(M)
≤ 4‖Θp,q‖ max{Cp,Cq}

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
.

This result can be viewed as a Boyd interpolation theorem for
operators on Lr (M; l1).
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Interpolation of probabilistic inequalities

Theorem

(D. ’12) Let Tk : Lp(M)+ + Lq(M)+ → S(τ)+ be positive
sublinear maps satisfying, for r = p, q

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

Lr,∞(M)
≤ Cr

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

Lr (M)
(xk ∈ Lr (M)+).

If p < pE ≤ qE < q <∞ or p < pE and q = ∞, then for any
sequence (xk)k≥1 in E (M)+,

∥

∥

∥

∑

k≥1

Tk(xk)
∥

∥

∥

E(M)
≤ 4‖Θp,q‖ max{Cp,Cq}

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
.

This result can be viewed as a Boyd interpolation theorem for
operators on Lr (M; l1). By duality one can interpolate
noncommutative maximal inequalities.
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Interpolation of probabilistic inequalities

Corollary

Let (Ek)k≥1 be an increasing sequence of conditional expectations
in M. If 1 < pE ≤ qE <∞, then for any sequence (xk)k≥1 in
E (M)+,
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Interpolation of probabilistic inequalities

Corollary

Let (Ek)k≥1 be an increasing sequence of conditional expectations
in M. If 1 < pE ≤ qE <∞, then for any sequence (xk)k≥1 in
E (M)+,

∥

∥

∥

∑

k≥1

Ek(xk)
∥

∥

∥

E(M)
.E

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
,
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Interpolation of probabilistic inequalities

Corollary

Let (Ek)k≥1 be an increasing sequence of conditional expectations
in M. If 1 < pE ≤ qE <∞, then for any sequence (xk)k≥1 in
E (M)+,

∥

∥

∥

∑

k≥1

Ek(xk)
∥

∥

∥

E(M)
.E

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
,

where the sums converge in norm.
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Interpolation of probabilistic inequalities

Corollary

Let (Ek)k≥1 be an increasing sequence of conditional expectations
in M. If 1 < pE ≤ qE <∞, then for any sequence (xk)k≥1 in
E (M)+,

∥

∥

∥

∑

k≥1

Ek(xk)
∥

∥

∥

E(M)
.E

∥

∥

∥

∑

k≥1

xk

∥

∥

∥

E(M)
,

where the sums converge in norm.

This follows by interpolation from Junge’s (’02) result for
Lp-spaces.
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Interpolation of probabilistic inequalities

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) If (ri ) is a Rademacher
sequence and qE < q <∞, then
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Interpolation of probabilistic inequalities

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) If (ri ) is a Rademacher
sequence and qE < q <∞, then

∥

∥

∥

∑

i

ri ⊗ xi

∥

∥

∥

E(L∞⊗M)

. Kq‖Φq‖
(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥

E(M)
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

E(M)

)

.
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Interpolation of probabilistic inequalities

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) If (ri ) is a Rademacher
sequence and qE < q <∞, then

∥

∥

∥

∑

i

ri ⊗ xi

∥

∥

∥

E(L∞⊗M)

. Kq‖Φq‖
(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥

E(M)
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

E(M)

)

.

The following are equivalent:

1 The above inequality holds for any semi-finite M;

2 qE <∞.
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Interpolation of probabilistic inequalities

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) If (ri ) is a Rademacher
sequence and qE < q <∞, then

∥

∥

∥

∑

i

ri ⊗ xi

∥

∥

∥

E(L∞⊗M)

. Kq‖Φq‖
(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥

E(M)
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

E(M)

)

.

The following are equivalent:

1 The above inequality holds for any semi-finite M;

2 qE <∞.

Complements the ‘lower’ Khintchine inequality due to Le Merdy &
Sukochev (’08).
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Interpolation of probabilistic inequalities

A symmetric space E on R+ is called q-concave (for q <∞) if

(

∑

i

‖fi‖
q
E

)
1
q
≤ C

∥

∥

∥

(

∑

i

|fi |
q
)

1
q
∥

∥

∥

E
.
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Interpolation of probabilistic inequalities

A symmetric space E on R+ is called q-concave (for q <∞) if

(

∑

i

‖fi‖
q
E

)
1
q
≤ C

∥

∥

∥

(

∑

i

|fi |
q
)

1
q
∥

∥

∥

E
.

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) TFAE:

1 E is q-concave for some q <∞.
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Interpolation of probabilistic inequalities

A symmetric space E on R+ is called q-concave (for q <∞) if

(

∑

i

‖fi‖
q
E

)
1
q
≤ C

∥

∥

∥

(

∑

i

|fi |
q
)

1
q
∥

∥

∥

E
.

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) TFAE:

1 E is q-concave for some q <∞.

2 For any semi-finite von Neumann algebra M,

E

∥

∥

∥

∑

i

rixi

∥

∥

∥

E(M)

.E

(
∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥

E(M)
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

E(M)

)

.
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Interpolation of probabilistic inequalities

A symmetric space E on R+ is called q-concave (for q <∞) if

(

∑

i

‖fi‖
q
E

)
1
q
≤ C

∥

∥

∥

(

∑

i

|fi |
q
)

1
q
∥

∥

∥

E
.

Theorem

(D., de Pagter, Potapov & Sukochev, ’11) TFAE:

1 E is q-concave for some q <∞.

2 For any semi-finite von Neumann algebra M,

E

∥

∥

∥

∑

i

rixi

∥

∥

∥

E(M)

.E

(
∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥

E(M)
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

E(M)

)

.

Complements the Khintchine inequalities of Lust-Piquard & Xu.
Sjoerd Dirksen Noncommutative Boyd interpolation theorems



tud02enlogobl − zwzw

Outline
History of Boyd’s interpolation theorem

Boyd’s theorem: a second look
Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

If (si )i≥1 is a family of free normalized semi-circular variables in
(Γ0, τ0), then (Haagerup & Pisier ’93)
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Interpolation of probabilistic inequalities

If (si )i≥1 is a family of free normalized semi-circular variables in
(Γ0, τ0), then (Haagerup & Pisier ’93)

∥

∥

∥

∑

i

si ⊗ xi

∥

∥

∥
≤ 2

(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

)

.
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Interpolation of probabilistic inequalities

If (si )i≥1 is a family of free normalized semi-circular variables in
(Γ0, τ0), then (Haagerup & Pisier ’93)

∥

∥

∥

∑

i

si ⊗ xi

∥

∥

∥
≤ 2

(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

)

.

Theorem

(D. & Ricard, ’12) If (xi ) is a sequence in S(τ), then for any v ≥ 0,
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Interpolation of probabilistic inequalities

If (si )i≥1 is a family of free normalized semi-circular variables in
(Γ0, τ0), then (Haagerup & Pisier ’93)

∥

∥

∥

∑

i

si ⊗ xi

∥

∥

∥
≤ 2

(∥

∥

∥

(

∑

i

|xi |
2
)1/2

∥

∥

∥
+
∥

∥

∥

(

∑

i

|x∗i |
2
)1/2

∥

∥

∥

)

.

Theorem

(D. & Ricard, ’12) If (xi ) is a sequence in S(τ), then for any v ≥ 0,

d
(

2v ;
∑

i

si ⊗ xi

)

≤ d
(

v ;
(

∑

i

x∗i xi
)1/2

)

+ d
(

v ;
(

∑

i

xix
∗
i

)1/2
)

.
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Interpolation of probabilistic inequalities

If (si )i≥1 is a family of free normalized semi-circular variables in
(Γ0, τ0), then (Haagerup & Pisier ’93)
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Theorem

(D. & Ricard, ’12) If (xi ) is a sequence in S(τ), then for any v ≥ 0,
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Consequently, for any symmetric Banach function space E,
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Let (Mk) be a filtration in M and, for every k ≥ 1, let Ek denote
the conditional expectation with respect to Mk .

Sjoerd Dirksen Noncommutative Boyd interpolation theorems



tud02enlogobl − zwzw

Outline
History of Boyd’s interpolation theorem

Boyd’s theorem: a second look
Noncommutative symmetric spaces

Interpolation of probabilistic inequalities

Let (Mk) be a filtration in M and, for every k ≥ 1, let Ek denote
the conditional expectation with respect to Mk .

Theorem

(D. ’12) Suppose that 2 < pE ≤ qE <∞. Let (xk) be a martingale
difference sequence in E (M) with respect to (Mk). Then,
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Extends earlier Burkholder-Rosenthal inequalities of Junge & Xu
(’03), Jiao (’10) and D., de Pagter, Potapov & Sukochev (’11).
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