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History of Boyd's interpolation theorem

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f € LP(R}),

d(v; TF)» < G Y|fllpe.y (v >0).
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History of Boyd's interpolation theorem

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f € LP(R}),

d(v; TF)» < G Y|fllpe.y (v >0).

Here d(v;g) = M(t € Ry : |g(t)| > v) denotes the distribution
function of a measurable function g.
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History of Boyd's interpolation theorem

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f € LP(R}),

d(v; TF)» < G Y|fllpe.y (v >0).

Here d(v;g) = M(t € Ry : |g(t)| > v) denotes the distribution
function of a measurable function g. Equivalently,

| Tl poory) < Cllfllogryys

where

o=

|gllpoo(ry) = sup v d(v; g)P.
v>0
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History of Boyd's interpolation theorem

A sublinear operator T is of Marcinkiewicz weak type (p, p) if for
any f € LP(R}),

d(v; TF)» < G Y|fllpe.y (v >0).

Here d(v;g) = M(t € Ry : |g(t)| > v) denotes the distribution
function of a measurable function g. Equivalently,

| Tl poory) < Cllfllogryys

where

o=

|gllpoo(ry) = sup v d(v; g)P.
v>0

Example: if (E,)n>1 is a sequence of conditional expectations,
then Tf = sup,>1 |En(f)| is of M-weak types (1,1) and (o0, c0).
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History of Boyd's interpolation theorem

(Marcinkiewicz '39) Let 1 < p < q < co. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on L"(R.), for
any p<r<gq.
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History of Boyd's interpolation theorem

(Marcinkiewicz '39) Let 1 < p < q < co. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on L"(R.), for
any p<r<gq.

Full proof was published years after Marcinkiewicz' death by
Zygmund ('56).

Sjoerd Dirksen Noncommutative Boyd interpolation theorems



History of Boyd's interpolation theorem

(Marcinkiewicz '39) Let 1 < p < q < co. If T is of Marcinkiewicz
weak types (p, p) and (q, q), then T is bounded on L"(R.), for
any p<r<gq.

Full proof was published years after Marcinkiewicz' death by
Zygmund ('56).

Example: if (E,)n>1 is a sequence of conditional expectations,
then forall 1 < p < o0

[['sup [En(F)lllr Sp [I]leo-
n>1
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History of Boyd's interpolation theorem

T is said to be of weak type (p, p) if for any f in the Lorentz space
LPY(Ry),
1
d(v; TF)r < CvH|fll page,)-
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History of Boyd's interpolation theorem

T is said to be of weak type (p, p) if for any f in the Lorentz space
LPY(Ry),
1
d(v; TF)r < CvH|fll page,)-

(Stein & Weiss '59) Let 1 < p < q < co. If T is of weak types
(p,p) and (q, q), then T is bounded on L"(R..), forany p < r < q.
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History of Boyd's interpolation theorem

For a measurable function f we denote by u(f) the decreasing
rearrangement of f,

Sjoerd Dirksen Noncommutative Boyd interpolation theorems



History of Boyd's interpolation theorem

For a measurable function f we denote by u(f) the decreasing
rearrangement of f,

pe(f) =inf{v >0 : d(v;f) <t} (t>0).
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History of Boyd's interpolation theorem

For a measurable function f we denote by u(f) the decreasing
rearrangement of f,

pe(f) =inf{v >0 : d(v;f) <t} (t>0).
For 0 < p < g < oo define Calderén’s operator by

t o0
5p7qf(t):t:’/ sif(s)C’s+t$/ siF(s)%S
0 t

S S
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History of Boyd's interpolation theorem

For a measurable function f we denote by u(f) the decreasing
rearrangement of f,

pe(f) =inf{v >0 : d(v;f) <t} (t>0).
For 0 < p < g < oo define Calderén’s operator by
t )
Spqf(t) = ti/ s (s)% 4 ti/ s(s) %
0 s t s

and set

1t ds
St =t [ ST (620, Fe SR
0
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History of Boyd's interpolation theorem

For a measurable function f we denote by u(f) the decreasing
rearrangement of f,

pe(f) =inf{v >0 : d(v;f) <t} (t>0).
For 0 < p < g < oo define Calderén’s operator by

t (o]
5p7qf(t): tFl’/ Sll’f(S)C:S_’_t},/ Sqf( )dS
0 t

S

and set

1 [t ds
Sy f(t) =t / $i(s) (>0, FeSR)),
0

(Calderon, '66) T is of weak types (p, p) and (q, q) if and only if

#e(TF) Spa (Spa(H) ()  (£>0).



History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if
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History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if

feS(Ry), gekE, p(f) <p(g) = feEand|fle <|glle
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History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if

feS(Ry), gekE, p(f) <p(g) = feEand|fle <|glle

Examples: LP-spaces, Lorentz spaces, Orlicz spaces,...
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History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if

feS(Ry), gekE, p(f) <p(g) = feEand|fle <|glle

Examples: LP-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a < co we define the dilation operator D, on S(R)
by
(Daf)(s) = F(as) (s €Ry).

V.
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History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if

feS(Ry), gekE, p(f) <p(g) = feEand|fle <|glle

Examples: LP-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a < co we define the dilation operator D, on S(R)
by
(Daf)(s) = F(as) (s €Ry).

If E is a symmetric space, then its Boyd indices are given by

V.
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History of Boyd's interpolation theorem

A normed linear subspace E of S(R.) is called a symmetric
Banach function space on R if it is complete and if

feS(Ry), gekE, p(f) <p(g) = feEand|fle <|glle

Examples: LP-spaces, Lorentz spaces, Orlicz spaces,...

Definition

For any 0 < a < co we define the dilation operator D, on S(R)
by

(Daf)(s) = F(as) (s Ry).
If E is a symmetric space, then its Boyd indices are given by

log s i log s

pe := lim = lim ——
510 log || Dy s ||

T—nn o 9E:
s—o0 log || Dy ]|

V.
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History of Boyd's interpolation theorem

(Boyd, '69) Let E be a symmetric Banach function space on R .
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History of Boyd's interpolation theorem

(Boyd, '69) Let E be a symmetric Banach function space on R .
Q If0< p<q<oo, then S, 4 is bounded on E if and only if
P<pe<qe<gq.
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History of Boyd's interpolation theorem

Theorem

(Boyd, '69) Let E be a symmetric Banach function space on R .
Q If0< p<q<oo, then S, 4 is bounded on E if and only if
P<pe<qe<gq.
Q If0 < p< oo, then Sy is bounded on E if and only if
P < PE.
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History of Boyd's interpolation theorem

Theorem

(Boyd, '69) Let E be a symmetric Banach function space on R .
Q If0< p<q<oo, then S, 4 is bounded on E if and only if
P<pe<qe<gq.
Q If0 < p< oo, then Sy is bounded on E if and only if
P < PE.
As a consequence, all sublinear operators of weak types (p, p) and
(g, q) are bounded on E if and only if p < pg < qe < q.
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History of Boyd's interpolation theorem

Theorem

(Boyd, '69) Let E be a symmetric Banach function space on R .
Q If0< p<q<oo, then S, 4 is bounded on E if and only if
P<pe<qe<gq.
Q If0 < p< oo, then Sy is bounded on E if and only if
P < PE.
As a consequence, all sublinear operators of weak types (p, p) and
(g, q) are bounded on E if and only if p < pg < qe < q.

The last implication ‘<" is Boyd's interpolation theorem.
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Boyd's theorem: a second look

For 0 < p, g < oo define the functions ¢q, Vp,0pq : Ry — Ry
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Boyd's theorem: a second look

For 0 < p, g < oo define the functions ¢q, Vp,0pq : Ry — Ry

¢q(t) =t qul)( )
(1) = 2 X(1,00)(t)
pa(t) = ¥p(t) + dq(t).
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Boyd's theorem: a second look

For 0 < p, g < oo define the functions ¢q, Vp,0pq : Ry — Ry

¢q(t) =t qul)( )
(1) = 2 X(1,00)(t)
pa(t) = ¥p(t) + dq(t).

Here ¢oo = X(0,1)- Corresponding to these functions we define
three linear operators ®,, W,, 0, 4 : S(Ry) — S(Ry x R.) by
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Boyd's theorem: a second look

For 0 < p, g < oo define the functions ¢q, Vp,0pq : Ry — Ry

¢q(t) =t qul)( )
(1) = 2 X(1,00)(t)
pa(t) = ¥p(t) + dq(t).

Here ¢oo = X(0,1)- Corresponding to these functions we define
three linear operators ®,, W,, 0, 4 : S(Ry) — S(Ry x R.) by

Pe(f) =FfR¢q, Vp(f)=Ff@vp, Opg(f)=Ff@0p4.
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Boyd's theorem: a second look

Lemma

Let E be a symmetric space on R, and let 0 < p,q < oc.
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Boyd's theorem: a second look

Lemma

Let E be a symmetric space on R, and let 0 < p,q < oc.

Q Ifge < q, then ® is bounded from E(R) into E(R4 x R4).
Conversely, if ®, is bounded then qe < q.
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Boyd's theorem: a second look

Lemma

Let E be a symmetric space on R, and let 0 < p,q < oc.

Q Ifge < q, then ® is bounded from E(R) into E(R4 x R4).
Conversely, if ®, is bounded then qe < q.

Q Ifp < pg, then VW, is bounded from E(R,) into E(Ry x R,).
Conversely, if W, is bounded then p < pg.
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Boyd's theorem: a second look

Lemma

Let E be a symmetric space on R, and let 0 < p,q < oc.

Q Ifge < q, then ® is bounded from E(R) into E(R4 x R4).
Conversely, if ®, is bounded then qe < q.

Q Ifp < pg, then VW, is bounded from E(R,) into E(Ry x R,).
Conversely, if W, is bounded then p < pg.

Q Ifp < pe < qe <q, then ©p 4 is bounded from E(R.) into
E(R4 x Ry). Conversely, if ©, 4 is bounded, then
P<pe<qe<gq. )
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Boyd's theorem: a second look

Lemma

Let E be a symmetric space on R, and let 0 < p,q < oc.

Q Ifge < q, then ® is bounded from E(R) into E(R4 x R4).
Conversely, if ®, is bounded then qe < q.

Q Ifp < pg, then VW, is bounded from E(R,) into E(Ry x R,).
Conversely, if W, is bounded then p < pg.

Q Ifp < pe < qe <q, then ©p 4 is bounded from E(R.) into
E(R4 x Ry). Conversely, if ©, 4 is bounded, then
P<pe<qe<gq. )

This lemma implies a novel expression for Boyd's indices:
pe=sup{p >0 : 3C>0¥F € E [Wp(f) ez, cry) < Clifllece.) |

ge =inf{q>0: 3C>0Vf € E[|0q(F)lew, x.) < Clifle,) |-
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Boyd's theorem: a second look

Let 0 < p < g < oco. A sublinear operator T is of Marcinkiewicz
weak types (p, p) and (q, q), i.e.,

[ TFllroomy) < Cllfllrwy,y  (FEL(Ry)y,r=p,q)
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Boyd's theorem: a second look

Theorem

Let 0 < p < g < oco. A sublinear operator T is of Marcinkiewicz
weak types (p, p) and (q, q), i.e.,

[ Tl Lroory) < Collfllr(ry) (fel'(Ry)y,r=p,q)
if and only if there is some o > 0 such that for all f € S(R.),

d(av; Tf) < d(v;©pq(F)) (v >0).
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Boyd's theorem: a second look

‘=" Fix v > 0. If Cyq =max{Cp, G4}, then by sublinearity,
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Boyd's theorem: a second look

‘=" Fix v > 0. If Cyq =max{Cp, G4}, then by sublinearity,

d(2Cpqvi Tf) < d(Cpqv; T(fX{fgv})) + d(Cpqv T(fX{f>v}))~
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Boyd's theorem: a second look

‘=" Fix v > 0. If Cyq =max{Cp, G4}, then by sublinearity,
d(2Cpqvi Tf) < d(Cpqv; T(fX{fgv})) + d(Cpqv T(fX{f>v}))~

Apply the weak type inequalities to find,
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Boyd's theorem: a second look

Proof.
‘=" Fix v > 0. If Cyq =max{Cp, G4}, then by sublinearity,

d(2Cpqvi Tf) < d(Cpqv; T(fX{fgv})) + d(Cpqv T(fX{f>v}))~
Apply the weak type inequalities to find,
d(2Cp qv; TT)
< (Cp,qV)_quHfX{fgv}||Zq(R+) + (Cp,qV)_pC,fHfX{f>v}||’Zp(R+)

< v X< o,y + v PIEXr> o w, )
= d(v;©pqf).

v
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Boyd's theorem: a second look

This characterization implies Boyd's theorem for Marcinkiewicz
weak type operators.

If T is of Marcinkiewicz weak types (p, p) and (q, q) and either
p<pe<qge<qg<ooorp<peandq= oo, then

[ Tflle < 2[|©p,qll e~ max{Cp, Ca}|fl|e-
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Boyd's theorem: a second look

This characterization implies Boyd's theorem for Marcinkiewicz
weak type operators.

If T is of Marcinkiewicz weak types (p, p) and (q, q) and either
p<pe<qge<qg<ooorp<peandq= oo, then

[ Tflle < 2[|©p,qll e~ max{Cp, Ca}|fl|e-

fO<p<r<g< oo, then

1©p.q

p q \r
+ )

|Lr—>Lr=<
r—p q-—r
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Noncommutative symmetric spaces

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace 7.
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Noncommutative symmetric spaces

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace 7.

The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by
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Noncommutative symmetric spaces

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace 7.

The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by

d(v;x) =7(eX(v,0)) (v >0),

where eXl is the spectral measure of |x|.
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Noncommutative symmetric spaces

Let M be a semi-finite von Neumann algebra acting on H,
equipped with a normal, semi-finite, faithful trace 7.

The distribution function of a closed, densely defined operator x on
H, which is affiliated with M, is given by

d(v;x) =7(eX(v,0)) (v >0),

where el*| is the spectral measure of |x|.The decreasing
rearrangement of x is defined by

pe(x) =inf{v >0 : d(v;x) < t} (t>0).

We say that x is 7-measurable if d(v; x) < oo for some v > 0.
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Noncommutative symmetric spaces

We let S(7) be the linear space of all 7-measurable operators,
S(7)+ its positive cone.
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Noncommutative symmetric spaces

We let S(7) be the linear space of all 7-measurable operators,
S(7)4 its positive cone. For a symmetric Banach function space E
on R, define
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Noncommutative symmetric spaces

We let S(7) be the linear space of all 7-measurable operators,
S(7)4 its positive cone. For a symmetric Banach function space E
on Ry, define

EM,7):={xe 5(1): [[u(x)|[e < oo}

(Kalton & Sukochev '08) E(M) defines a Banach space under the
norm ||x|| gy = lln(x)lle-
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Noncommutative symmetric spaces

We let S(7) be the linear space of all 7-measurable operators,
S(7)4 its positive cone. For a symmetric Banach function space E
on R, define

EM,7):={xe€ S(7): [|u(x)|g < oo}.

(Kalton & Sukochev '08) E(M) defines a Banach space under the
norm ||x|| gy = lln(x)lle-

Earlier results: Xu ('91), Dodds, Dodds & de Pagter ('91).
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Noncommutative symmetric spaces

Suppose that 0 < p < q < oo and let
T : LP(M)y + LI(M)y — S(7)+ be a sublinear map such that
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Noncommutative symmetric spaces

Suppose that 0 < p < q < oo and let
T : LP(M)y + LI(M)y — S(7)+ be a sublinear map such that

[ Txroomy < Cellxllerny  (x € L'(M)+, r=p,q).
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Noncommutative symmetric spaces

Theorem

Suppose that 0 < p < q < oo and let
T : LP(M)y + LI(M)y — S(7)+ be a sublinear map such that

[ Txroomy < Cellxllerny  (x € L'(M)+, r=p,q).

Ifp<pe<qge<qg<ooorp< pgandq= oo, then

I Txlle() < 2[1©pgllmax{Cp, Cq} lIxlleny  (x € E(M)4).

v
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Noncommutative symmetric spaces

Fix v > 0. Let x € E(M)+ and let e, = €X[0, v]. If
Cp,q = max{Cp, G4}, then by sublinearity,

v
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Noncommutative symmetric spaces

Fix v > 0. Let x € E(M)+ and let e, = €X[0, v]. If
Cp,q = max{Cp, G4}, then by sublinearity,

d(2C, qv; Tx) < d(Cpqv; T(xe,)) + d(Cp qv; T(xe))).

<
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Noncommutative symmetric spaces

Proof.

Fix v > 0. Let x € E(M)+ and let e, = €X[0, v]. If
Cp,q = max{Cp, G4}, then by sublinearity,

d(2C, qv; Tx) < d(Cpqv; T(xe,)) + d(Cp qv; T(xe))).

Apply the weak type inequalities to find,

<
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Noncommutative symmetric spaces

Proof.

Fix v > 0. Let x € E(M)+ and let e, = €X[0, v]. If
Cp,q = max{Cp, G4}, then by sublinearity,

d(2Cpqv; Tx) < d(Cp,qv; T(xey)) + d(Cp,qv; T(xel)).
Apply the weak type inequalities to find,

d(2Cp,qv; Tx)
< (Cp,qv)_quHX‘EVHZq(M) + (Cp7qv)_ng||Xe\J,‘||ip(M)

<ve [ bt [ e
{u(x)<v} {p(x)>v}

= d(v; ©p,qu(x))-

[
o
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q

H kzzl Tk(xk)HLnoo(M) =G ;X"HL,(M) (xk € L'(M)4).
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q

H kzzl Tk(xk)HLnoo(M) =G ;X"HL,(M) (xk € L'(M)4).

If p<pe<qge<qg<ooorp< pg and q= oo, then for any
sequence (xx)k>1 in E(M)4,
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q

H kZZI Tk(Xk)HLnoo(M) <G ZkaLr(M) (e € LT(M)3).

k>1
Ifp<pe<qge<qg<ooorp< pg and q= oo, then for any
sequence (xx)k>1 in E(M)4,

| 22 Tty < H0pall max{ G, Co) HZXkHE(M
k>1
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q

H kzzl Tk(xk)HLnoo(M) =G ;X"HL,(M) (xk € L'(M)4).

Ifp<pe<qge<qg<ooorp< pg and q= oo, then for any
sequence (xx)k>1 in E(M)4,

|32 < 4190l (Gt | S

This result can be viewed as a Boyd interpolation theorem for
operators on L"(M; ).
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Interpolation of probabilistic inequalities

(D. '12) Let Ty : LP(M)4 + LIY(M)y — S(7)4+ be positive
sublinear maps satisfying, for r = p, q

H kzzl Tk(xk)HLnoo(M) =G ;X"HL,(M) (xk € L'(M)4).

Ifp<pe<qge<qg<ooorp< pg and q= oo, then for any
sequence (xx)k>1 in E(M)4,

|32 < 4190l (Gt | S

This result can be viewed as a Boyd interpolation theorem for
operators on L"(M; [*). By duality one can interpolate
noncommutative maximal inequalities.
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Interpolation of probabilistic inequalities

Corollary

Let (Ex)k>1 be an increasing sequence of conditional expectations
in M. If 1 < pg < ge < o0, then for any sequence (x)k>1 in
E(M)+,
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Interpolation of probabilistic inequalities

Corollary

Let (Ex)k>1 be an increasing sequence of conditional expectations
in M. If 1 < pg < ge < o0, then for any sequence (x)k>1 in

E(M)4,
H ggk(xk)“E(M) SE H kZZIXkHE(M)’
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Interpolation of probabilistic inequalities

Corollary

Let (Ex)k>1 be an increasing sequence of conditional expectations
in M. If 1 < pg < ge < o0, then for any sequence (x)k>1 in

E(M)4,
H ggk(xk)“E(M) SE H kZZIXkHE(M)’

where the sums converge in norm.
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Interpolation of probabilistic inequalities

Corollary

Let (Ex)k>1 be an increasing sequence of conditional expectations
in M. If 1 < pg < ge < o0, then for any sequence (x)k>1 in

E(M)4,
H ggk(xk)“E(M) SE H kZZIXkHE(M)’

where the sums converge in norm.

This follows by interpolation from Junge's ('02) result for
LP-spaces.
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Interpolation of probabilistic inequalities

(D., de Pagter, Potapov & Sukochev, '11) If (r;) is a Rademacher
sequence and qeg < q < oo, then
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(D., de Pagter, Potapov & Sukochev, '11) If (r;) is a Rademacher
sequence and qeg < q < oo, then

H Z ri & X _
; E(L>®M)

S Kalloal (|21 oy + 2D )
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Interpolation of probabilistic inequalities

(D., de Pagter, Potapov & Sukochev, '11) If (r;) is a Rademacher
sequence and qeg < q < oo, then

H Z ri & X _
; E(L>®M)

S Kalloal (|21 oy + 2D )

The following are equivalent:

@ The above inequality holds for any semi-finite M;
Q gr < .
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Interpolation of probabilistic inequalities

(D., de Pagter, Potapov & Sukochev, '11) If (r;) is a Rademacher
sequence and qeg < q < oo, then

H Z ri & X _
; E(L>®M)

S Kalloal (|21 oy + 2D )

The following are equivalent:

@ The above inequality holds for any semi-finite M;
Q gr < .

v

Complements the ‘lower’ Khintchine inequality due to Le Merdy &
Sukochev ('08).
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Interpolation of probabilistic inequalities

A symmetric space E on R is called g-concave (for g < o0) if

(leffll‘é)g’ < CH(Z|ﬁ|q>é

E
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Interpolation of probabilistic inequalities

A symmetric space E on R is called g-concave (for g < o0) if

(leffll‘é)g’ < CH(Z|ﬁ|q>é

E

Theorem
(D., de Pagter, Potapov & Sukochev, '11) TFAE:

@ E is g-concave for some q < .
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Interpolation of probabilistic inequalities

A symmetric space E on R is called g-concave (for g < o0) if

(leffll‘é)z’ < CH(Z|ﬁ|q>é

£

Theorem
(D., de Pagter, Potapov & Sukochev, '11) TFAE:

@ E is g-concave for some q < .

Q For any semi-finite von Neumann algebra M,

EH Zi:rixi E(M)
Se (|20 gy + N )
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Interpolation of probabilistic inequalities

A symmetric space E on R is called g-concave (for g < o0) if

(Z”finE); < CH(Z|ﬁ|q>é

£

Theorem
(D., de Pagter, Potapov & Sukochev, '11) TFAE:

@ E is g-concave for some q < .

Q For any semi-finite von Neumann algebra M,

EH Zi:rixi E(M)
Se (|20 gy + N )

Complements the Khintchine inequalities of Lust-Piquard & Xu.




Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)
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Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)

H Z.:Si R xi|| < 2<H(2’:‘Xi’2)1/2H 4 H(z’: ’X;*|2)1/2H>.
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Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)

H Zs,— ® xil| < 2<H(Z‘Xi’2)l/2H 4 H(z’: ’X;"|2)1/2H>.

Theorem
(D. & Ricard, '12) If (x;) is a sequence in S(7), then for any v > 0,

o
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Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)

H Zs,— ® xil| < 2<H(Z‘Xi’2)l/2H 4 H(z’: ’X;"|2)1/2H>.

Theorem
(D. & Ricard, '12) If (x;) is a sequence in S(7), then for any v > 0,

d(2v; Zs,- ®x,-) < d(v; (Zx;kxi)l/2> AL d(v; (ZX,-XI,*)I/Z).

o

Sjoerd Dirksen Noncommutative Boyd interpolation theorems




Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)

H z’:s,- R xi|| < 2<H(2’:‘Xi’2)1/2H 4 H(z’: ’X;“2)1/2H>.

Theorem
(D. & Ricard, '12) If (x;) is a sequence in S(7), then for any v > 0,

d(2v; Zs,- ®x,-) < d(v; (Zx;kxi)l/2> L d(v; (ZX,-XI*)I/Z).

Consequently, for any symmetric Banach function space E,

o
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Interpolation of probabilistic inequalities

If (si)i>1 is a family of free normalized semi-circular variables in
(Fo,70), then (Haagerup & Pisier '93)

H z’:s,- R xi|| < 2<H(2’:‘Xi’2)1/2H 4 H(z’: ’X;“2)1/2H>.

Theorem
(D. & Ricard, '12) If (x;) is a sequence in S(7), then for any v > 0,

d(2v; si®x) <dlv; X7 X; 1/2 +d(v; Xi X /2
(o Y x) 2o (S0 ()
Consequently, for any symmetric Banach function space E,

|32 @], <2 (by )+ [ (D] ).
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Interpolation of probabilistic inequalities

Let (M) be a filtration in M and,
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Interpolation of probabilistic inequalities

Let (M) be a filtration in M and, for every k > 1, let £ denote
the conditional expectation with respect to M.
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Interpolation of probabilistic inequalities

Let (M) be a filtration in M and, for every k > 1, let £ denote
the conditional expectation with respect to M.

Theorem

(D. '12) Suppose that 2 < pg < qg < co. Let (xx) be a martingale
difference sequence in E(M) with respect to (My). Then,
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Interpolation of probabilistic inequalities

Let (M) be a filtration in M and, for every k > 1, let £ denote
the conditional expectation with respect to M.

Theorem

(D. '12) Suppose that 2 < pg < qg < co. Let (xx) be a martingale
difference sequence in E(M) with respect to (My). Then,

| gaHE(M) e max { |diag ) leqmycan

H (égkﬂ'){m)é E(M)] “ <§5k_llxi|2>

N

E(M)}'

<
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Interpolation of probabilistic inequalities

Let (M) be a filtration in M and, for every k > 1, let £ denote
the conditional expectation with respect to M.

Theorem

(D. '12) Suppose that 2 < pg < qg < co. Let (xx) be a martingale
difference sequence in E(M) with respect to (My). Then,

| gaHE(M) e max { |diag ) leqmycan

H (égkﬂm'Z)é E(M)] “ <§&_1|X;|2>

Extends earlier Burkholder-Rosenthal inequalities of Junge & Xu
('03), Jiao ('10) and D., de Pagter, Potapov & Sukochev ('11).
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